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Let us examine any one value of the function 


p(#1,%2,...,%n)-M 
ee ht eee 10 
W(x1, 22,...,2n) ( ) 


determined with the condition 
W(x1,22,...,%n) <0. (11) 


I argue that one will have the inequality 


p(@1,%2,...,%n)-M 


> p. 
W(x1,%2,..., Ln) =e 


Let us suppose the contrary. By supposing that 


p(@1,%2,...,%n)-M 


< 
W(x1,%2,...,%n) P, 


one will find, because of (11), 
p(@1, €2,..-,%n) + pW (a1, v2,...,8n)< M 
or, that which comes to the same thing because of (7), 
y' (#1, £2,...,2n) < M, 


which is contrary to the hypothesis. 

We have arrived at the following important result: 

There exists only a single domain R’ contiguous to the domain R through the face P. The corresponding 
perfect form y’ will be determined by the equality (7) provided that the parameter p presents the smallest 
positive value of the function (10). 

Let us notice that by virtue of (3) and (9), all the quadratic forms belonging to the domain R’ verify the 
inequality 

W(f) <0. 


One concludes that the domains R and R’ are found from two opposite sides of the plane in nine -—1 
dimensions determined by the equation 
w(f) =0. 


The smallest positive value of the function (10) can be obtained with the help of operations the number 
of which is finite. 
The whole problem is reduced to the preliminary study of a system (li, l2,...,l,) of integers verifying the 
inequality 
W(di, lo, a . stn) <0 


and satisfying the condition that the quadratic form 
po(r1, T2,+-- ,Zn) = p(x, T2,-++5 In) + poW(r1, T2, +55 In); 


where one has admitted 
(lr, lo, . .sln) —-M 


—W (hi, l2,...,ln) 
be positive. 
One will determine in this case all the systems (x1, £2,...,%n) of integers verifying the inequality 
p(1,22,---,%n) >M (12) 


the number of which is finite, and one will find among these systems all those which define the smallest 
value of the function (10). 

Let us indicate by R, as we have done in Number 2, the upper limit of values of the parameter p. 

The problem is reduced to the study of a system (11, l2,...,ln) of integers verifying the inequality 


g(li,to,...,in) + RV(hi, le,...,ln) < M. (13) 
It can turn out that the equation 
p(#1, %2,-..,2n) + RW (a1, 22,...,2n) =0 
will be verified by integers, one will determine them with the help of equations 


Oy OV 
Ou; wae, 7 


In the case where these equations can not be verified by any one system of integers, one will study the 
values of linear forms 


0. (6=1,2,...,n) 


Oy ov 
R a eee 
Ox; + Ox; (i 14) ,n) 
and one will determine as many as one wish of the systems of integers verifying the inequality (13). 
By supposing that a system of integers (li, l2,...,Jn) verifying the inequality (13) were determined, one 


can look for the smallest positive value p of the function (10) with the help of the following procedure. 
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The inequality (12) can be put under the form 


p(x1, £2,..., fn) (- a) + F (olen, 02,.--s0n) + RY(@1,02,.--5n)) <M, 


and as 
p(1,82,...,%n) + RV(x1, £2,...,¢n) > 0, 


it becomes 


(a1, 22,..-,2n) ( — | <M, 


or differently 
R 
R- Po : 
Among the systems of integers verifying this inequality one will find all the systems (8) searched for. 


Algorithm for the search for the domain of the set (R) to which belongs an arbitrary positive quadratic 
form. 


p(r1,£2,..-,2n) <M 


Theorem. Any positive quadratic form belongs to at least one domain of the set (R). 


Let 
f (#1, %2,...,;%n) = So aij ain; 


be any one positive quadratic form. 

Let us choose any one domain R from the set (R). 

Let us suppose that the form f, did not belong to the domain (R). 

In that case all the linear inequalities which defined the domain R will not be verified. Let us suppose 
that one had the inequality 


W(f)= S- pisaiy <0. (1) 


n(n+1) 
2 


Let us indicate by Ri the domain contiguous to the domain R through the face in — 1 dimensions 


determined by the equation 
V(f) =0. 


By indicating with y and y1 the contiguous perfect forms corresponding to the domains R and Ri, one 
will have, as we have seen in Number 22, 


pi(©1, €2,...,n) = (wi, £2,..., En) + pW(x1, 22,...,£n) (2) 


where p > 0 and W(a1, £2,...,%n) = D> pig tia. 
Let us examine two results (f, y) and (f, 1). By virtue of (2), one will have 


(f; p21) = (f, 9) + e(f, ¥), 
and as, because of (1), 
(f,¥) = >> pisaiy < 0, 


it becomes 


(f, ~) > (f, 1). 


Let us suppose that by proceeding in this manner one obtains a series of domains 
R, Ri, Ro,.... (3) 
By indicating with 
PY, P1,P2)--- (4) 
the series of corresponding perfect forms, one will have the inequalities 


(f,~) > (f,¢1) > (Ff, ~2) >-°- 


so long as the form f did not belong to the domains (3). 
By noticing that all the perfect forms (4) possess the same minimum M, one will easily demonstrate that 
the number of perfect forms (4) verifying the integrality 


(f,~) <P 


is bounded, whatever may be the value of the positive parameter P. 
One concludes that the series of domains (3) will necessarily be terminated by a domain Rm to which 
belonged the form f considered. 


Study of a complete system of domains representing the various classes of the set (R). 
Let R be any one domain of the set (R). Let us suppose that one had determined all the domains 
Ry Rig Rajosag Re (1) 
contiguous to the domain R through the various faces in aint) — 1 dimensions, then let us suppose that 


one had determined all the domains contiguous to the domains (1) and so on. 
I say that by proceeding in this manner one will come across any domain of the set (A) arbitrarily chosen. 
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For example, if one wish to arrive at a domain R), one will choose a positive quadratic form f which is 
interior to the domain R© and one will proceed as we have done in Number 24. One will determine this 
way a series of domains 

R,R’,R",...,R™, R© 


which are successively contiguous through faces in (nti) — 1 dimensions. 


We have seen in Number 19 that the set (R) can be divided into classes of equivalent domains the number 


of which is finite. . : ; 
Let us find a system of domains representing the various classes of the set (R). 


By starting from the domain R, we have determined all the domains 
Ri, Ro,..., Re 


contiguous to the domain R. By not considering equivalent domains as being different, let us choose among 
the domain (1) those which are not one to one equivalent and are not equivalent to the domain R. Let us 
suppose that one had obtained the series 


R, Ri, Ro,...,Ry-1 (2) 


of domains which are not one to one equivalent. 
One will study in the same way the domains contiguous to the domains R, Ri, Ro,..., Ry—1 and one will 
extend the series (2) by adding to it new domains 


Ryu, Ryti,.--,Rv-1 


which are not one to one equivalent and are not equivalent to the domains (2). 
By proceeding in this way, one will always obtain a series 


BR Ry koe (3) 


which enjoys the following property: the domain belonging to the series (3) are not one to one equivalent 
and all the domains contiguous to the domains (3) are equivalent to them. 
The series (3) obtained presents a complete system of representations of various classes of the set (R). 


The study of the series (3) can be facilitated particularly by the help of substitutions which transform 
into itself the domains of the set (R). 
Let us suppose that the domain R corresponding to a perfect form y be determined by the inequalities 


Si pyPay 20. (b= 1,2,..4,¢) 
By declaring 
Wi, (41, 22,.--,¢n) = So ply ain, (k =1,2,...,0) 
one will determine, as we have seen in Number 22, by the equalities 
ve=pt+pr¥, (k=1,2,...,0) (4) 


o perfect forms 91, Y2,---, Yc. One will call them contiguous to the perfect form y. 

Let us indicate by g the group of substitutions which do not change the perfect form y. 

The perfect forms 1, Y2,...,%, being well determined by the perfect form ¢, one concludes that all the 
substitutions of the group g will only permute the forms 1, y2,...,Yo- 

By not considering as different the forms in proportional coefficients, one can say, by virtue of (4), that 
the group g will only permute the quadratic forms 


Wy, Wo,...,U,. (5) 
Let us suppose that one had chosen in this series the forms 
Wi, Wo,...,Wy-1 (6) 


which enjoyed the following properties: each form of the series (5) will be transformed into a form of the 
series (6) with the help of a substitution belonging to the group g, the forms (6) can not be transformed one 
to one with the help of substitutions of the group g. 
The perfect forms 
pe=O+pr¥, (k=1,2,...,4—1) 


can replace the perfect forms (4), therefore one will determine only the values of parameters pi, p2,---, Pu—1- 
The corresponding domains 
Ri, Ro,...,Ry-1 


can replace the domains (1). 

It can come to pass that among the domains R, Ri, Ro,..., Ry—1 are found equivalent domains, one will 
recognise this with the help of particular methods. 

On a reduction method of positive quadratic forms. 


Definition. One will call reduced any positive quadratic form belonging to any one domain 
R, Ri, Ro,...,Rr-1 (1) 


of a complete system of representations of various classes of the set (R). 
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Let us suppose that one had determined all the substitutions 
S1,S2,.-.,Sm (2) 


n(n+1) 
2 


which transform the domains contiguous with the domains (1) through the faces in — 1 dimensions 


into these domains here. _ } 
Let f be any one positive quadratic form which is not reduced. One will determine with the help of the 
algorithm shown in Number 24 a series of domains 


R,R’,R",...,R® 


successively contiguous. Let us suppose that the domain R“ be the first one which does not belong to the 
series (1). 

With the help of a substitution S’ which is found among those of the series (2), one will transform the 
domain R“ into a domain R, belonging to the series (1). 

By transforming the form f with the help of the substitution $’ into an equivalent form f’, one will 
determine with the help of the form f’ a new series of domains 


Rig Reiko 


and so on. es . . 
One will determine in this way a series of substitutions 


he ae 
which, all, are found among those of the series (2) and the product 


S=s9'g"... g™ 


of which presents a substitution S with the help of which the form f will be transformed into a reduced 
form. 


Let us suppose now that two reduced forms f and f’ be equivalent. 

If one of these forms, for example f, is interior to the domain R,, the form f’ will also be interior to it. 
One concludes that the form f can be transformed into a form f’ only with the help of a substitution which 
transforms the domain R;, into itself. 

Let us suppose that the reduced equivalent forms f and f’ be interior to the faces in 4 dimensions of 
domains (1). 

In this case one will declare supplementary conditions for the reduced forms f and f’. After having 
determined all the faces in , dimensions of domains (1), one will choose a complete system of representatives 
of these various classes. Let us suppose that this system be formed by the faces in dimensions 


Pi(y); Po(m),-»-,-Pr(u): (3) 


Any positive quadratic form which is interior to a face in » dimensions of a domain of the set (R) will be 
equivalent to a form which is interior to the faces (3), one will call it reduced. 

Two reduced positive quadratic forms which are interior to the faces (3) will be equivalent only provided 
that they be interior to the same face and that the substitution which transforms one of them into another 


one also transforms this face into itself. 
We have arrived at the following result: 


A reduced quadratic form can be transformed into another reduced form or into itself only with the help of 
a substitution which transforms into itself a domain or a face of domains belonging to the series (1). 


Bhs. Second Part ; 
Some applications of the general theory to the study of perfect quadratic forms. 


On the principal perfect form 


We will not consider as different the quadratic forms of proportional coefficients, therefore one can arbi- 
trarily choose the minimum value of a positive quadratic form. 

In that which follows, one will study only the perfect quadratic forms whose minimum is 1. One will 
indicate by D the determinant of these forms. 

Among the various perfect forms, one form 


= 24 21 i 24 i i i t 
PHM] ToT... Tey + %W1%2 + M1%3+T... TIn-1in 


where 


a4 = 1, @=1,2,...,n), aig =p (¢=1,2,...,n;7 =1,2,...,n;i #9) and D= not 


One will call principal the perfect form ¢. 
The perfect form y possesses aa representations of the minimum 1, which define ninth) linear forms 


At = 71, A2 = 2,.--, An =n, An+1 = %1— 72, An+2 = 71 — ©3,.-.-,An(n41) = %n-1—Tn- 
2 


The form y has been given for the first time by Zolotareff in a Mémoire titled: On an indeterminate equation of 
the third degree (in Russian) 
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The domain R corresponding to the perfect form y is made up of all the quadratic forms determined by 
the equality 


n(n+1) 
2 
n(n+1 
Say ain; = S- pRrx where pp >0. (K=1,2,..., mnt) 
k=1 
From this equality one obtains 
Pk = Qik tan +...+ nk So long as k= 1,2,...,n, 


Pr=—ay solongask>n; ((=1,2,...,n37 =1,2,...,n3t 49) 
therefore the domain R will be determined by the following inequalities: 
eee Ae a (k =1,2,...,n) (1) 
-—ayjy>0. @=1,2,...,47=1,2,...,4147) 
By virtue of (1), the perfect form y possesses nny) 
the equalities 


contiguous perfect forms which are determined by 


Pe = Ot prer(€1,%2,...,%n), (K=1,2,...,n) (2) 
Pr =P — PRLiL;, (k=n+1n+2,..., ae i= 1,2,...,n39 = Leia ramgeeg) 
30 ; 
Let us find equivalent forms among the perfect forms contiguous to the perfect form y. 
To this effect, let us determine the group g of substitutions which do not change the form y. 
Let us examine, in the first place, the form adjointed to the form y. 
One will easily demonstrate that the coefficients of the form adjointed to y are proportional to those of 
the form 5 ‘ ‘ 
wWH=AP+AG+...+XANan4r)- (3) 
2 
One concludes, by virtue of the theorem of Number 17, that the principal perfect form y is extreme. 
The quadratic form w will have for expression 
w= nx; I nus ft... na? 2%1%2 — 2%1%3 —...— 2%n-10n 
where 
a4 =n, @=1,2,...,n) aig = —1.(@=1,2,...,n57 =1,2,...,n;t 49) 


Let us find all the representations of the minimum of the form w. 
The linear forms 
U1, 02,.--,0n, Li t+ va+...+4n (4) 


characterise n + 1 representations of the value n of the form w. 
I say that the form w has the minimum n and all the representations of the minimum of the form w are 
characterised by the linear form (4). 


To demonstrate this, let us examine any one value w(21,%2,..., Yn) of the form w. By supposing that 
none of the numbers £1, £2,...,%n becomes zero, one will have by virtue of (13) 
w(21,02,...,2n) >, 
the system 21 = 1, v2 =1,..., 2% = 1 being excluded. 
Let us suppose that any one of the numbers 21, %2,...,2%n does not cancel out and that 
Lk+1 = 0, Lk+2 = 05.4: Ln = 0; 


one obtains, by virtue of (3), 


w(x1,%2,...,€%,0,...,0) =(n—k+ (ai taz+...4+4%)4 So (we th), 


and it follows that 


w(v1,£2,...,%n) >k(n—k+1), 


therefore 
w(21,02,...,2n) >n solongas k>2. 


This stated, let us indicate by G the group of substitutions which transform into itself the domain R. By 
virtue of (3), any substitution of the group G does not change the form w. 

The group g being adjointed to the group G, one concludes that each substitution of the group g will only 
permute te linear forms (4) by changing the sign of a few among them. 

By noticing that 


2 2 2 2 
gi tagt+...+4,4+(21+824+...+24n)° = 2y, 


one concludes that the group g is composed of all the substitutions which permute the forms 


2 2 2 2 
Btegt... +2, 4+ (1 +e2+...4+ an). 


Let us indicate ; : ; ‘ 
fo = —-L1—22—...—Xpy and 1%) = —2#,— 2 —...—-2y, (5) 


and let ko, k1,...,kn be any one permutation of numbers 0,1, 2,...,n. 


455 


456 


31 


32 


Ph.D. Thesis, UMIST. K N Tiyapan. Appendix F: Translation 


By posing 

=e @,, Where ej = +1, (¢=0,1,2,...,n) (6) 
one will have ; ; ; 

Cott +...+ fn = €0X kg + €1L%, +... +€n&q, 5 
and as, because of (5), 

fo=tit+...+4n=0 and 29,21,---,;2n = 0, 
it is necessary that 

eo = €1 =... = €n; 


therefore the equalities (6) reduce to the one here: 
aj =ex,,. (6=0,1,2,...,n;e = £1) (7) 


The number of substitutions defined by the formulae obtained is equal to 2-1-2---(n+ 1). By not 
considering as different two substitutions of opposite coefficients, one will say that the group g is composed 
of (n1)! different substitutions. § 

With the help of substitutions (7), one can transform any perfect form (2) contiguous to the principal 
form y into another form contiguous to the form y, arbitrarily chosen. 

We have arrived at the following important result. 

All the perfect forms contiguous to the principal perfect form are equivalent. 


Let us choose one form among those of the series (2). Let us declare 


Pi = Y— p@i%2. 


All the perfect form contiguous to the form y are equivalent to the form 1. 
Let us find the corresponding value of the parameter p. 
As we have seen in Number 22, the value searched for of p presents the smallest value of the function 
p(#1,£2,...,%n)—1 (8) 
L12%2 
determined with condition 
£102 > 0. 
One will distinguish in the subsequent studies two cases: 


1). n=2 and 2). n>3. 


First case: | . 
By comparing two n = 2 binary forms 


2 2 2 2 
gp=ayt+xgt+ uit. and 91 = 21+ 49+ 4142 — px1X2, 


one will notice that by making p = 2 one obtains the form 
yi = Ly +23 — £12X2 


which is evidently equivalent to the perfect form y, therefore the perfect form y is that which one has 
searched for. 
Second case: 
By making 
v1 =1, 22 =1, 73 =—1, t4=0,..., tn = 0, 


one obtains a value of the function (8) which is equal to 1. 
By making p = 1, one will present the form y1 under the following form: 


1 
gr = 5 [(e1,02,.-.5n)” + (a1 a2) bes +...4 €'. (9) 


It results in that the form y is positive. On the ground of that which has been said in Number 23, one 
will find now all the systems of integers veifying the inequality 
yi(x1, £2, . .; Zn) < 1. 
By noticing that the inequality 
g1(@1,€2,...,%n) <1 


is impossible, because the positive form 1 has integer values which corresponds to the integer values of 
variables, one concludes that the form 1 is perfect. 

With the help of the equality (9), one will easily determine all the presentations of the minimum of the 
perfect form 1. 


On the binary and ternary perfect forms and on the domains which correspond to them. 


The binary principal perfect form 


3 
pHrta+ Ly + yp, | 


§ See: Minkowski, Zur Theorie der positiven quadratischen Formen [On the theory of the positive quadratic forms], 
(This Journal, V. 101, p. 200) 
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possesses, as we have seen in Number 29, three contiguous perfect forms which are equivalent to the principal 
form. 
One concludes that all the perfect binary forms constitute only a single class of forms equivalent to the 
principal form. 
The domain R corresponding to the principal form is made up of binary forms (a, b, c) which are determined 
by the equality 
ax? + 2bry + cy? = px? + p’'y? +p" («—y)” 


where 


p>0, p'>0, p’>0 
It follows that the domain R is determined by the inequalities 
p=at+b>0, p'=-b>0, p” =c+b>0. 


By calling reduced the positive binary forms verifying these inequalities, as we have done in Number 27, 
one will establish a well known method of reduction, due to Mr. Selling. ¥ 
It results in that the domain R° is determined by the inequalities 


p=c-—a>0, p =a4+2>0, p” =—-b>0. 


The inequalities obtained only differ from famous conditions of reduction of positive binary quadratic 
forms due to Lagrange by the choice of the sign of the coefficient b, that which one can arbitrarily make in 
the method of Lagrange. { 


Let us examine now the ternary perfect forms. 
The principal perfect form 
1 
pemotyt+e2t+yztertoy, D=35 


possesses six contiguous perfect forms which, all, are equivalent to the perfect form 


pi=aoty te tyzteze 


which we have found in Number 31. 
The substitution 


e=—2', yay’, z=-y'—2 
transforms the form 1 into principal form. 


One concludes that all the ternary perfect forms form only a single class. 
The domain R corresponding to the principal form is made up of all the ternary quadratic forms 


a a’ q!’ 
: b vB! ) which are determined by the equality 


ax” +a'y? +a"z? + Qbyz + 26’ za + 2b" ey = p+ poy” + psz” + pa(y — 2)? + ps(z— 2)” + po(a — y)?. 
The domain R is determined by the inequalities 


pi=atb'+b" >0, po=a’'+b"4+b>0, pp=a"+b4+b' >0, 
pa=—b>0, ps =—b' >0, pe = —b" > 0. 


By calling reduced the positive ternary quadratic forms belonging to the domain R, one will establish a 
method of reduction due to Mr. Selling. 

The domain R can be partitioned into 24 equivalent parts which can be transformed one into another 
with the help of 24 substitution adjoined to those which do not change the principal form. 

One of these parts, the domain F, will be composed of all the ternary quadratic forms determined by the 
equality 


ax? + aly? +a" 2? + Qbyz + 2b! ze + 2b" ey = pix? + poy” + paz” + paly — 2)? + ps¥ 4 Piel 


where 


War tyter(y—2P24te-aY, war tyt2(y—z2zP 4 (2-2) 4+(a-y)’. 


One will determine the domain R with the help of inequalities 


pi=a+2b'+b">0, pp=a’'+b+0'+b" >0, pp =a’ +b+0'+b" > 0, 
pa =—b+b' >0, ps = — +b" > 0, po =—0" > 0. 


The domain R enjoys the following properties: 
1. Any positive ternary quadratic form is equivalent to at least one form belonging to the domain R. 
2. Two ternary quadratic forms which are interior to the domain R can not be equivalent. 


q Selling. Uber die binaren und ternaren quadratischen Formen. [On the binary and ternary quadratic forms] (This 
Journal, V. 77, p. 143) 


$ See: Lagrange. Recherches d’Arithmétique. [Studies in arithmetic] (Oeuvres de Lagrange published by Serret, V. 
III, p. 698) 

Gauss. Disquisitiones arithmeticae, art. 171. (Werke, V. I.) 

Lejeune Dirichlet. Vorlesungen iiber Zahlentheorie [Letcures on number theory], published by Dedekind, (Braun- 
schweig 1894, §64, p. 155) 
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By effecting the transformation of the domain R with the help of all the substitutions of integer coefficients 
and of determinant +1, one will make up the set (R) of domains. 

Each domain R belonging to the set (R) possesses six domain contiguous by faces in 5 dimensions. 

The domain R will be transformed into contiguous domain with the help of the following substitutions: 


-1 0 1 01 -1 0 -1 1 
s=(4 =1 1) s=(1 0 1), a=(0 21 a), 
0 oO 1 00 -1 1 -1 0 
0 -1 0 -1 0 0 -1 0 0 
a= (1 0 a), ss= (1 0 1), so=(1 1 ve 
0 Oo -1 0 -1 0 0 0 -1 


Each substitution of this series transforms into itself a corresponding face in 5 dimensions of the domain 
R and permutes two domains of the set (R) which are contiguous through this face. 

This results in a method for the search for the substitution which transforms a given form into a form 
belonging to the domain R. This method is analogous to that which has been shown in Number 27. 

By calling reduced any positive ternary quadratic form belonging to the domain R, one will establish a 
new method of reduction of positive ternary quadratic forms which can be considered as a generalisation of 
the method of reduction of Lagrange. 


2 2 2 
On the perfect form #1 +%9+...+2, +4103 +%1%4+...+ €n-12n. 


34 
Let us examine the perfect form 


2 i 2 i i 2 i i i i 
Pi =U Ttgar... TLy 1103 TM1H4 +... TLn-14n 
obtained in Number 31. One has admitted 
F 1 F . Bee ws 
ax =1, @=1,2,...,n), ais =0, aij = 5 (@=1,2,...,m7=1,2,...,.ni4 7) 


It results in that 


By supposing that n > 4, one will have n” — n representations of the minimum of the form yi the number 
of which is greater than (nth) 
These representations of the minimum of the form 1 will be characterised by the linear forms 


At = 21,A2 = £2,...,An = 2n, Anti = 41 — £3,+0-;An(mti) 4 =2n-1—2n, An(~nq1) = 41+ Zo — 43,..., 
2 2 
(1) 
Xa(n41) sae oe =21+22—-Z2n, Nn(n41) 1,9 =a41+%2 —43—24,...,A,2_7 = %1 +22 —Ln-1 — Ln. 
The domain Ri corresponding to the perfect form y1 is made up of forms deterined by the equality 
n2—n 
f(x, @2,...,2n) = S- prdy where pr >0. (k= 1,2,...,[n? — nl) 
k=1 
Let us find the linear inequalities which define the domain R1. 
The number of these inequalities is so large in deed for n = 4. 
One will overcome the difficulties which result by the help of a particular method. 
35 
Let us find the group gi of substitutions which do not change the form ¢1. 
To this effect, let us introduce in our studies a quadratic form w determined by the equality 
2 2 2 2 
w= Aoi +Ag+...+Aj2~n): 
After the reductions, one obtains 
w(x1,%2,...,€n) = nei tnest4a3+...+407 +2(n—2)aie2 —4a103—...—4014n — 40203 —...— Arann. 


One can give in the form wz the following expression: 


w(@1,£2,...,8n) = (a1 — 2)? + (a1 + 2)? + (41 + 22 — 2a3)? +... 4+ (21 + £2 —2an)*. 


It is easy to demonstrate that the form added to the perfect form 1 has coefficients which are proportional 
to those of the form w. 

It follows that the perfect form y1 is extreme. 

Let us observe that the linear form 


i+ Coa+... +n, V1 — 2, U3, La,..., Ln 


characterise n minimum 4 representations of the form w. In the case n > 5, other representations of the 
minimum of the form w do not exist; in the case n = 4, one obtains 12 representations of the minimum of 
the form w. 

By noticing that 


[(e1 + 22 +...+4n)? + (1-22)? +034+...425], 


yi = 


Nl]Re 
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one can say that the group gi, in the case n > 5, is composed of all the permutations of the forms 
(a1 +a2+...+4n)°, (1 —a2)", ©3,..., 0. 


In the case n = 4, one will determine by this method only divisor of the group gi. 
By indicating 


UW=—T1 x eke Ln, U2 = %1— 2, U3 = £3, seey Un =2n, 
(_———s / Ul / a / Ul | an / , ee / 
usa taot...ta, u=27,-—%, ug=273, ..-, UA, =p 
let us declare 
/ . 
Ui =eiUe,, (6 =1,2,...,n) (2) 
where e; = +1 (i = 1,2,...,n) and the indices ki, k2,...,kn present any one permutation of numbers 


Vs Diag: 
Each system of equalities (2) defines a substitution of the group gi. 


One concludes that the group gi is composed of 2”~'n! different substitutions, in the case n > 5. 
36 
Let us suppose that the domain Ri be determined by the inequalities 


Sop ai >0. (k=1,2,...,0) 
By indicating 
k 
Wa(ei,22,---,2n) = > py wins, (k =1,2,...,0) 
one will determine, as we have seen in Number 22, o perfect forms 
k 
QW? =i t pre (k= 1,2,...,0) (3) 


contiguous to the perfect form ¢1. 
All the substitutions of the group gi will make only one permutation of forms 


Wi, Vo,..., Vo. (4) 
Let us effect the transformation of forms (3) and (4) with the help of the sustitution 
Ul Ul I i 
1,02,-.-,€n =U, V1 —L2 = XQ, L3 =V3,..., Ln =LXp. (5) 


The series (4) will be transformed into a series 


Wi), ,..., 8. 
Let us indicate by g a group of substitutions 
@;=e@,,, (6=1,2,...,n) 
where e = +1 (4 = 1,2,...,n) and ki,ko,...,kn present a permutation of numbers 1,2,...,n. Each 


substitution of the group g makes only one permutation of forms (6), and to a similar substitution corresponds 
a substitution of the group 91. 
By indicating 


W,(e1,09,...,0n) = pee (k =1,2,...,0) 
one will determine with the help of inequalities 


> Pi aia; 20, (k=1,2,...,0) (7) 


a domain FR. 
The form ¢ will be transformed into a form 


1 
sla tah + aay ea 
with the help of the substitution (5), and any system (21, %2,...,%n) of integers v1, £2,..., mn will be replaced 
by a system (x, 25,...,2;,) of number, also integer, xv, 75,...,x}, satisfying the condition 
vy +a)+...+2), =0(mod 2). (8) 


It results in that the linear forms (1) which correspond to the various representations of the minimum of 
the form ¢1 will be replaced by the forms 


a,+a; and a—a#; ((=1,2,...,.n4j=1,2,....ni4)9) 
which characterise the various representations of the minimum 2 of the quadratic form x,” +25" +...4+2/,”, 
in the set (X’) of all the systems (x4, 25,...,2/,) of integers 71,2%5,..., 2), satisfying the condition (8). 


One concludes that the edges of the domain R will be characterised by the quadratic form 


(x, +24)? and (#j—2))?. (¢=1,2,...,m,7=1,2,...,4%# 35) 
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By virtue of (7), one obtains the inequalities 


PM) +2P +P) >0 and Pi) 2PM + PH >0. (k=1,2,...,0)1=1,2,..., mj =1,2,....mi FD) 


(9) 
Let us examine any one form 
W' (#1, 29,.-.,€_) = SS) Pixies (10) 
belonging to the series (6). By virtue of (9), one will have 
Pip t+ 2Pi + Pj5 20 and Py — 2Pi3 + Pjj > 0. (i= 1,2,...,n;j=1,2,...,mi#j) (11) 


Among these conditions one will find ¢ quantities which define the coefficients of the form (10) to an 
immediate common factor. All these equalities will be of the form 


Pep — 2egn Pep + Pan = 0 where ex, = +1. (12) 
Let us suppose that there exists a combination of values of k and h satisfying the conditions 
Ppp +2Prr+ Phan >O0 and Prr— 2Pen+Prn > 0. (13) 


By noticing that the coefficient P,, does not enter the other inequalities (11), one concludes that the 
coefficient P,;, remains undetermined. 

For all the coefficients of the form (10) to be determined by the conditions (12) to an immediate common 
factor, it is necessary, the coefficient P,, being independent of other coefficients, that all the coefficients 


which remain cancel out. : pea ey ; . : 
By virtue of inequalities (13), this supposition is impossible, therefore the inequality (12) has to hold for 


all the values of indices k and h. 


One obtains /_ conditions 
Per — 2ennPrr + Par =0 where ex, = +1. (k=1,2,...,n;h=1,2,....n;k #h) (14) 
which serve to determine the coefficients Pp, in functions of coefficients 
Pi, Poo, ..-,Pan- (15) 
The coefficients Pi1, Po2,..., Pon can not be independent, and will be connected by at least n—1 equations 
of the form (12). Therefore, in at least n — 1 case, one will have the equations of the form 
Pre + 2Pen + Pan = 0. (16) 


To make short we will call these equations double. 
This stated, let us suppose, in the first place, that there exists at least one coefficient among those of the 
series (15) which does not enter in the double equations (16). One can suppose, to fix the ideas, that Pii 


be such a coefficient. ae : . 
The coefficient Pi; being independent, all the coefficients P22, ...,Pnn will cancel each other and, by 


virtue of (14), the coefficients 
P23, Poa,...,Pn—1,n 


will also cancel one another out. aT ; ; ; 
The coefficient Pi1 is used for determining the coefficients Pi2, Pi3,..., Pin with the help of equations 


(14) which take the form 
Pir — 2e1n Pin =0; (Kk = 2,3,...,n) 


it follows that 
2Pir =e1rPu. (k = 2,3,...,n) 


As, on the ground of the supposition made, 
Pyi + 2e14,Pix > 0, (k = 2,3,...,n) 


it is necessary that 
Py > 0, 


and one can declare 
Pry = 1. 


The form (10) is determined by the equalities obtained, and one will have 


tet ! ! 12 rot ro 
W (x1, 09,..-,2n) = 21 +e10%18o 4+... + eine Ly. (17) 


By replacing the variables 


/ / / 
€12%9, €13%3,---, €intn 
by the variables x5,...,z/,, one will replace the form (17) by the form 
/ / / / / / / / 
W (x1, 29,---,2n) = £1(01, Vo,..-, Ln). 


Let us suppose, in the second place, that all the coefficients (15) enter in the double equations (16). 
At least one of the coefficients (15) is not zero. Let us suppose that P,, 4 0. Following the hypothesis, 
the coefficient P,, enters in at least one double equation 
Pre + 2Per + Pan = 0. 


It follows that 
Per =0 and Prr+ Par = 0, 
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therefore the coefficients P,, and P,; are of opposite signs. Let us suppose, to fix the ideas, that 
Py = -1. (18) 
By examining the inequalities 
Pu +2Piy,.+ Pkk>0, (k= 2,3,...,n) 


one deduces 
Pkk>0. (k =2,3,...,n) 


It results in that the double equation 
Pre + 2Per t+ Pha =0 
has to be impossible so long as k > 2 and h > 2, therefore all the double equations will be of the form 
Pir +2Pip + Per =0. (k=2,3,...,n) 
From these equations one gets, by virtue of (18), 
Pep =1 and Py, =0. (k= 2,3,...,n) (19) 
By substituting the values obtained of coefficients P11, Po2,..., Pan in the equations 
Per — 2ennPen + Pah =0 where egn =+1, (kK =2,3,...,n;h =2,3,...,n:k #h) 
one obtains, because of (19), 
Per = ern Where exp = £1. (k = 2,3,...,n;h =2,3,...,n;k Fh) 


The form (10) will have for expression 


W' (x1, 09,---,2n) = ai ane | zh t...4 a + 2e03%%5 + 2erargayt...+2€n-1n2n-1%, (20) 
where 
€23 = +1, €24 = +1, seey En-1lyn = +1. 
(n=1)(n~2) 
One obtains in this way 2 2 different forms. By permuting the variables and by changing their 
iY vy g 


signs, one will particularly decrease the number of various forms determined by the formula (20). 
37 
With the help of results obtained, one can easily recognise whether a given quadratic form )> ajax; 
belongs to the domain F or not. 
One will examine, in the first place, the sums 


€1kQ1k + C2nQ2k +... +€nkQnk where e1p = +1, e24 = +1,...,eng =+1 and ex, =1. (kK =1,2,...,n) 
All these sums have to be positive or zero. The inequalities 
Grk — |@iz| —.-- — |@x—1,e| — |@xtaye| —---— |ank| > 0, (KA =1,2,...,n) (21) 


present the conditions necessary and sufficient for the inequalities 


C1pQik + C2KpQok +... + enkank > 0 (k = 1, 2): .,n) 
to hold. err é es 
Let us examine, in the second place, the inequalities 
ai11 + G22 + 33 +... + Gnn + 2€23023 + 2e2ad24 +... + 2€n—-1,n@n—1,n > 0 
where 
€23 = +1, €24 = +1, seey En-1lyn = +1, 


These inequalities can be replaced by a single one 


aii + Gao + a33 +... + Ann — 2|a23| — 2la2a] —... — 2lan—ijyn| > 0. 


One will present this inequality under the form 


aii a22 +... +@nn 2|a12| 2|a13| aes 2|an—1,n| > 2 (aii _ |ar2| Su kes Jain) é 


By permuting the variables, one obtains n inequalities 


Qi1+@22+... ann 2|a12| 2|a13| Seagal 2|an—1,n| > 2 (ake — |aiz| — --. — |ane|) .wherek = 1,2,...,n (22) 


We have arrived at the following result. One can easily recognise whether a given positive quadratic form 
f belong to the domain R1 or not. To this effect, one will transform the form f by a form f’ with the help 
of the substitution adjointed to the substitution (5) and one will examine 2n inequalities (21) and (22). For 
the form f to belong to the domain R1, it is necessary and sufficient that the form f’ verifies 2n inequalities 
(21) and (22). 
a Let us return now to the perfect forms (3) contiguous to the perfect form yi. We have seen that these 
forms will be transformed with the help of the substitution (5) into forms 


1 2 2 
5 (21 + £5 bien) + ppWy(@1,29,---,2p)- (k=1,2,...,0) 
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The forms U1, ¥5,..., 1 can be transformed with the help of substitutions belonging to the group g into 


forms 
/ / / / / / 
1). v3(—%1 —%g+23+¢4+...4+ 2), 
2). 12 12 12 12 rot Bet bod , , @3) 
Z +2, +23 +...4+ 2, 22123 2012, + 2€34%3%4+...+ 2en-1nFn-12 7, 
where 
€34 = +1, seey En-1ln = +1. 


The inverse substitution to the substitution (5): 


Ly = £1 +X2o+...4+2%n, £5 =%1-%2, £3 — £3,-+-, Li, =n 
will transform the forms (23) into forms 
1). — 2x123 
2).4(v1v2 — 63403@4 —... — bn—1,n¥n-14n), where; 634 = Dor 1,...,dn—-1,n = O0or 1. 


One concludes that all the perfect forms contiguous to the form v1 are equivalent to the following perfect 
forms 


1).¢1 — pxizs, 
2).p1 + p(w1x2 — b3403%4 —...— On—1,n¥n-12n), 
where 
63a = Oorl,..., dn—-1yn =O or 1. 


Study of the perfect form yi — px1x3. 


The perfect form y1, possesses, as we have seen in Number 38, many contiguous perfect forms which are 
not equivalent. 
One will determine in the following only a single perfect form 
2 = Pi — prirs 


contiguous to the perfect form ¢1. 
We have demonstrated in Number 22 that the parameter p presents the smallest value of the function 


(@1,%2,...,2n) -1 
= 1 
p=$1 a (1) 
determined on condition that 
v1z3 > 0. (2) 
By declaring 
wy =1, m2 =0, 3 =1, v4 =—1, o5 =0,..., tp = 0,7 
one obtains the value of the function (1) which is equal to 1, therefore 
O0<p<il. (3) 
Let us effect the transformation of the function (1) with the help of the substitution 
£3 = 01, —ti1 +42 = 2), 21+ 424+...4+%n = —25, 4 = 24,..., Pn =Ly (4) 
one will have ; F , 
_ wy tay +...+20), —2 5) 
Rs vi (ev, +a, +...4+2h) 
where, because of (2), 
xy(a, +ao+...+2n) <0 (6) 
and, because of (4), 
vi +ao+...+2), =0(mod 2), 
the variables 7 + 25 +...+ 2}, being integers. 
Let us indicate 
f(w1,02,...,€n) =e tagt+...407 4+ pri(a1+a2+...4+ an). 
By virtue of (5) and (6) the value looked for of p is defined by the conditions that the inequality 
f (x1, a ,Zn) <2 
is impossible, so long as the integers x1, 42,...,%n verify the congruence 
L1+ #2 +...+2n = 0(mod 2), (7) 
and that there exists at least one system (11, l2,...,ln) verifying the equation 
f (#1, 2,...,%n) =2 (8) 


and the congruence (7). 
The form f can be determined by the equality 
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oN 
8 
3 
> 
v|8 
Neca 
iw) 
Fie" 
H 
> 
3 
ml | 
an 
wo 
ee 
Bb 
as 
2) 
& 


v1\? £1\? 
f(w1,42,-..,0n) = (2 p=) (2s | p=) f... 
It follows that the form f will be positive, provided that 
—1 
ips tal PSG, 


and the upper limit R of values of p verifies the equation 


-1 
te hoe oi 
therefore R235 
ea 10 
Yn—1. my) 
40 : pute : 
This presented, let us examine a system (l1,lo,...,ln) of integers verifying the equation (8) and the 
congruence (7). 
I say that there will be the inequalities 
1 ; 
li + p> <1. (§(=2,...,n) (11) 
In effect, if one suppose that 
qy 
ly + PS <1, 


one will determine e;, = +1 such that the inequality 


I 
ls + 2en 4 


< ls ps 
holds, and one will present 
=k, and =I, =2en. (6=1,2,...,n;:7 4k) 
The condition (7) will be satisfied, and one will have, by virtue of (9), the inequality 


F(li,bb,---shh) < 2, 


which is contrary to the hypothesis. 

By examining the inequalities (11) and the form f with the help of the formula (9), one will easily 
demonstrate that among the system of integers verifying the equation (8) with condition (7) is found at 
least one system (11, l2,...,Jn) satisfying the conditions 


f(li,l2,...,In) =2 (12) 


and 
lb =i34+6, lg =U =...=In where 6=0 or +1. (13) 


By virtue of (6), one will have the inequality 
ly [la +6+ (n _— 2)l3] <0. 


One can suppose that 
li <0, (14) 


and it follows that 
y +6+(n— 2)l3 > 0, 


therefore, because of (13) and (14), it is necessary that 


l3 > 0. 


I say that 13 = 1. To demonstrate this, let us effect the transformation of the positive quadratic form 
f (#1, %2,...,%n) with the help of the substitution 


1 =-%, T2=—Y, TZ =T4 =... = En —- 2; (15) 


one will obtain a ternary positive form 
2 


(n — 2)27 — px(—a +y + (n— 2)z). 
By virtue of the condition (7), the integers x, y, z verify the congruence 


x+yt+(n— 2)z = 0(mod 2). (16) 


F(a,y,2)=a7 +y 


By indicating ; ; j 
U=—t1, v=, W = 83, 


one will have, because of (12), (13) and (15), 
F (u,v, w) = 2, 
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and the condition (16) will be fulfilled. 
The inequality 
fey, 2) <2 
is impossible so long as the integers x, y, z verify the congruence (16). 
Let us effect the transformation of the form F(x, y, z) with the help of the substitution 


g=a,t+y t+(n—-2)z2, y=or'-y, z=2'. (17) 


The set of systems (x, y, z) of integers verifying the congruence (16) will be replaced by the set of systems 
(x', y’, 2’) of arbitrary integers. 

Let us indicate by F’(x’, y’, 2’) the transformed form. Let D and D’ be the determinants of forms F(x, y, 2) 
and F(a’, y’, 2’). By virtue of (17), one will have 


D' = 4D. (18) 


Let us notice that the number 2 presents the minimum of the form obtained F’(z’, y’, z’) determined in 
the set of all the systems (2’, y’, 2’) of integers, the system (0, 0,0) being excluded. 

On the ground of the known theorem § on the limit of the minimum of a ternary positive quadratic form, 
one will have the inequality 


2< 2D’. 
It follows that 
D'>4, 
and because of (18), one obtains 
D>1. (19) 


This presented, let us observe that the form F(z, y, z) has the following values: 
F(u,v,w) =2, F(1,1,0) =2, F(1,—-1,0) =2+4 2p. 


By transforming the form F(x, y,z) with the help of the substitution 


u, 1, 1 
v, 1, cel ’ (20) 
w, 0, 0 


12 


one obtains a form 


a2!” by! z' 2b! 2z' x’ 2b" x' y’, 


Fo(2’,y', 2’) = az’ 4 a'y 
where 
a=2, a’ =2, a” =2+2p and b=p. (21) 


a, a’, qa! 
b, b! b” 
greater than the determinant of the form, unless the coefficients b,b', 6” do not simultaneously cancel one 


another out. . . aes p 
By indicating with Do the determinant of the form Fo(x’,y’, z’), one will have, because of (21), 


Do < 4(2 + 2p), 


The product a-a’-a” in any positive ternary quadratic form is, as one knows, always 


and as, by virtue of (20), 


Do = 4w’ D, 
it becomes 
wD <2+42p. 
By virtue of (3) and (19), one obtains the inequality 
w< 4, 
therefore 
w=l. 


By returning to the equalities (13), one obtains 
i, = —-u, ly =6 and lz = 1, ea ee i, =1, 


where 
u>0O and 6=0,1,2. 


§ See: Gauss. Werke, V. II, p. 192, Géttingen 1863. 

Lejeune-Dirichlet. Uber die Reduktion der positiven quadratischen Formen mit drei unbestimmten ganzen Zahlen. 

(This Journal, V. 40, p. 209) 

Hermite. Sur la théorie des formes quadratiques ternaires. [On the theory of ternary quadratic forms] (This Journal, 
V. 40, p. 173) 
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By substituting the values found of l,l2,...,t, in the function (5), one will have 
2 2 = 
ae db +n-—4 (22) 
u(—u+6+n-— 2) 
It remains to determine the smallest value of this function providing that 
u>0, -u+d+n—2>0, w=n+d(mod 2) and 6=0,1,2. (23) 
Let us admit 
U= vn 1b a, (24) 
a being a real number. 
The function (22) takes the form 
= Qn + (2a — 2)./n +0? — 2a+ 6 —3 
Pat (a 2)n + (6 — 2a)f/n+1—a2+ad6-—6 
The value searched for of p has to verify the inequality 
p<, 
therefore because of (10), one will have 
2 
—p>d0. 25 
jase (25) 
After the reductions, one obtains 
2 - (1 — 6? + 26 — a?) /nt 8? — 26 —1- a” — 2a + 20d 
vn-1 e (fn — 1) [n/n (a — 2)n+ (6 — 2a), fn+1—- a? +06 | 
and, because of (25), it becomes 
(1-6 + 26 —a”)/n+ 6? — 26 —1—a” — 2a + 206 > 0. 
By noticing that 
5° — 26 -1-—a"° —2a4+2a6<0 solongas 6=0,1,2, 
one obtains the inequality 
1-6°+26-a? >0. 
By making 6 = 0 and 2, one will have 
a’ <1 aslong as 6 =0 and 2 (26) 
By making 6 = 1, one will have 
a’ <2 solongas 6=1. (27) 
Let us indicate by m a positive integer determined with the help of inequalities 
vn—-1l1<m< vn. (28) 
By declaring 
n=m’ +p, (29) 
one will have a positive integer p verifying the inequalities 
0<p<2%mHtl. (30) 
First case: pis an odd number. 
By virtue of (23) and (29), one will have a congruence 
u=m +p-+d(mod 2), 
p being an odd number; one can declare 
u=m +6+1+42t. (31) 
By declaring 
vn =m+€é, 
one will have 
0<é€<1, (32) 
because of (28). By virtue of (24), one obtains the equality 
u=m—1+€+a, 
and because of (31), it becomes 
Eta=m —m+2424+6. (33) 


By supposing that 6 = 0 or 2, one obtains 
€+a = 0(mod 2). 
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By virtue of (26) and (32), it is necessary that 
éta=0, 


therefore 
u=m-—1 solongas 6=0 and 6=2. 


By supposing that 6 = 1, one obtains, because of (33), 
€+a= 1(mod 2). 
By virtue of (27) and (32), the integer € + a can have only two values 
€+a=41, 


and it results in that 
u=m or m-—2 aslongas §6=1. 


One obtains four values of the function (22): 


— _(m-1)?+n-4 = _m?+n-3 
pi= ance ene p2= aGe aa 
(m—2)?+n-3 (m—2)?+n 


P3 = Gn—2)(n=m4l)? P4 = GopMaomdl) 


among which is found the smallest value looked for of p. 
By noticing that 


jy ets = 
ae po = (mm —1)(n—m—1)’ 
ee 
a oY Gn Y)in-—m—-1)(n—m+1)’ 
+1 
P3 — pa = z 


(m— 1)(m — 2)(n —m-+1)’ 


one obtains, because of (30), 
pi < pa < p23 


and 
p2<pi solongas p>3, 


pi<p2 solongas p< 3. 


There exists only a single odd value of p verifying the inequalities 0 < p < 3, therefore one will have the 
inequality 
pi<p2 solongas p=1. 


We have arrived at the following result. 
The smallest value of p will have for expression 


m+n—3 


m(n—m-—1), 2) 


p= 


provided that n = m? +p, and the odd number p verifies the inequalities 
3<p<2m+l. 
In the case n =m? +1, the smallest value of p will be 
(m—-1)? +n—-4 
0 Gn =1(n—m—= 1) 


Second case: p is an even number. 
One will have, because of (23), the inequality [sic] 


u =m’ + 6(mod 2). 
By presenting 
u=m +6 +4+2t, 
one will have the equalities 
u=m—1+é+a and €+a=m’?—m42t+641. 
By supposing that 6 = 0 or 2, one obtains 
E+a=l1, 


and it follows that 
u=m solongas 6=0 and 2. 


By supposing that 6 = 1, one obtains 
E+a=0 or €+a=2, 


therefore 
u=m+1 or w=m+1 solongas 6=1. 
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The smallest value of p is found among the following values of the function (22): 


_ _m?4+n-4 _— _(m41)?4+n-3 
pi= a CELE p2= (m+1)(n—m—2)? 


— (m=1)?+n-3 — _m?+ 

B= Gaia eee Care 
By noticing that 
- _ 2m+4-—p 
eae a m(m + 1)(n—m-— 2)’ 
= 4m — 2p 
poy, m(n—m)(n—m-— 2)’ 
2m — 
pP4— p32 = P 


m(m—1)(n—m)’ 


one obtains, because of (30), 
p3 S pa S pi < pa. 


We have arrived at the following result: 
The smallest value of p 1s expressed by the equality 


_ (m—-1)P +n-3 
“ (m— 1)(n— m) 
provided that n = m? +p, and the even number p verifies the inequalities 
0<p<2m+l. 


42 
We have determined the value of the parameter p which defines the perfect form y1 + priz3. The 


determinant D of this form, by virtue of (4) and (9), will have for expression 


_ 4+4p—(n—1)p” 


D ma 


(35) 


The corresponding value of the function M(a;;) defined in Number 16 will be 


is 1 
Mai) =? Vara 


By applying the formulae obtained to the case: 


n= 4,5,6,7,8, 
one obtains the same value of p 
p=l. 
The corresponding perfect forms will be 

2 2 2 5 4 fy 
ejtagt...,74+01t4+...+23%4, D= oe M(aij) = 2 53 

2 2 2 4 af 
ajtagt...,@,+01ta+...4+24¢53, D= oe M(aij) = 2 re 

2 2 2 3 ark 
ajtagt+...,v7¢+e0itat+...+25%6, D= 7° M(aij) = 2 =; 

2 2 2 2 (ear 
ejptagt...,277+21t4+...+26¢7, D= oa M(aij) = 2 5) 

1 
ait+ez+...,2gt+eiga+...+a7¢8, D= 5B M(aijz) = 2. 


One comes across all these perfect forms in the Mémoire of Mr.’s Korkine and Zolotareff: Sur les formes 
quadratiques. [On the quadratic forms] { 
The formulae obtained give a mean for the study of various perfect forms which verify the inequality 


M(aij) > 2. 
By making, for example, n = 12, one will have 
m=3 and p=3. 
By virtue of (34), one obtains 


t Mathematische Annalen, V. VI, p. 367. 
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therefore, because of (35), 
13 «(1 


= 16 3 


12 
/16 
M(aiz) =2 3 > 2. 


All the extreme forms studied by Mr.’s Korkine and Zolotareff do not give a function M(a;;) of values 
which exceed 2. 
On the quadratic perfect forms and on the domains which correspond to them. 


and it follows that 


43 
We have seen in Number 29 that to the quaternary principal perfect form 


5 


2 2 ae) 
YH X{_+%Q4- £3, 04, 1X2, 1X3, C14, X2%3,X2%4,%3H4, D= 34 


corresponds the domain R made up of forms 


Pixd + p2x3 + psx3 + pax4 + p5(x1 —x2)?4 Pie (x1 x3)? + pr(x1 — x4)? + pa(x2 —x3)? + po(x2 —xa) 


All the perfect forms contiguous to the principal form y are equivalent to the form 
1 
f= Ly + £3, £3, £4, ©1023, 0104, L203, 0204, (3X4, D= 1 


The corresponding domain R, is made up of forms 


pizi t prs t p3X3 t party + ps(@1 x3)" + po(X1 x4)? + p7(x2 x3)" + ps (x2 x4)? 
po(x3 wa)” + pio(t1 + 22 x3)” + p11(t1 + 2 xa)”, pr2(X1 +22 —4%3— 44)”. 


Let us examine the perfect forms contiguous to the perfect form ¢1. 
We have demonstrated in Number 38 that all these forms are equivalent to the forms 


1). yi — pxits, 
2). yi + p(wiz2 — 6x”3%4), where 6=0 or 1. 
Let us examine three perfect forms 
1). git+prize, 2). pi-—ptixs, 3). pit p(xia2 — v3@4). 


1). By making p = 1 in the form 1 + px12%2, one obtains the principal perfect form ¢. 
2). Let us notice that the form yi — px1%3 is equivalent to the form yi + px122. 
In effect, the substitution 


_ ! ! ! ! ! 
U1 = —-21, 02 = @3, 13 = Lo, 4 =U 4+ X4 


does not change the form y; and transforms the form x122 into the form —z{23. 
3). By making p = 1 in the form ¢1 + p(x1%2 — %344), one obtains the form 


2 i 2 2 i 2 i i i i i 
U1 + %2,%3 Tq 7 U1%2Q + L1V%3 + L1L4 + L2X3ZB T+ LIL4 


which is evidently equivalent to the perfect form 1. 

One concludes that all the perfect forms contiguous to the perfect form yi are equivalent to the forms y 
and a 

It follows that the set of all the quaternary perfect forms be divided into two classes represented by the 
perfect forms y and 41. 

The set (R) of domains corresponding to various quaternary perfect forms is made up of two classes, too, 
represented by the domains R and R31. 


On the perfect forms in five variables and on the domains which correspond to them. 


We have determined two perfect forms in five variables 


2 2 2 _ 6 
p= rs Side Ls 212%. L1X%3 Sidi LAL 5, = 5B? 
oe) 2 2 = 4 
1 = 2% rs tiie Ls L123 L144 fii LAL 5, = 3B" 
The corresponding domains R and R, will be composed of forms 
2 2 2 2 2 2 
R) pizy + pry +...+ psx5 + po(a1 — 22)” + pr(a1 — 23)" +... + pis(z4 — 25)", 
R1) pia} + pra} +...+ paz + pe(ei — 23)? +... + p20(a1 + a2 — 4 — a5)”. 


Examine the perfect forms contiguous to the perfect face y1. We have demonstrated in Number 38 that 
all these forms are equivalent to the forms 


1). gi — patie, (1) 


2). gi — plait, — bxgr4 — 6/4325 — 6 G425). 


where 
6=0orl, &=O0orl, 6”=0 orl. 
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In the second case one obtains 8 perfect forms. By permuting the variables x3, x4, x5 one will replace the 
forms (1) by 4 forms; thus all the perfect forms contiguous to the perfect form y1 are equivalent to the 5 
following forms: 


1). gitprite, 2). pitpxixs, 3). git p(rit2 — v4xs), 
4). gi t+ p(aive — %3%5 —X24%5), 5). p1 + p(1%2 — H3%4 — 13U5 — Laws). 


1). By making p = 1 in the perfect form yi + px1%2, one obtains the perfect form ¢. 
2). We have seen in Number 42 that the perfect form yi — px1x3 is determined by the value p = 1 of the 
parameter p in the case n = 5. One obtains the form 


f = 2 i 2 i 2 i 2 i 2 i i i i 
gy =e, +494+03 4944954 01844 01%54+...4+ 0405 (2) 
which will be transformed with the help of the substitution 
2) I I ¥ t ¥ v 
1 = —@, V2 = 4X41 — Xo, 13 = UX3, 4 = T24+1XU4, C5 —=XQ 4+ Ls 


into a perfect form 91. 
3). In the form ¢1 + p(x14”2 — xax5), one will put p = 0 and one will obtain the form 


2p 4 L pe 4 i i i 
Ly Tg 7... THs L122 T1103 +... + H3L5 


which is evidently equivalent to the form 41. 
4). In the form ¢1 + p(x1%2 — x3%5 — v4x%5)), one will put p = 1 and one will obtain the form 


2p L pe 4 i i i 
Ly Tg 7... THs L122 +TH1%3 +... HAL 


which is evident to the perfect form (2) 
5). It remains only to determine the perfect form: 


gi + p(aiv2 — £304 — U3%5 — L405). (3) 
By effecting the transformation with the help of the substitution 
—ait@2,=21, ita. +a3+¢4+25=29, 23 = 23, T4=L4, T5=25 (4) 


of the form 
21 + 2p(wie2 — U3%4 — L3X5 — Las), 


one obtains the form 


12 12 12 


x, +x +x ie 
Ls See es 


12 
+ X4 


+ Xs 


12 ol x2 2 1,2 
2 


/ A sant Dat a i tr Ht en 
+X4 +X5 +4 1 +X +3 2XgX3 — 2X_X4 — 2XQX5_ — 2X3K4 — 2XBX5 2x4X5 | - 


(5) 


By virtue of (4) the integer variables x, v5, 23,24, x5 verify the congruence 
@ +2 +23 + 04+ 25 = 0(mod2). (6) 


By applying to the form (5) the method unveiled in Number 2, one will determine the value of the upper 
limit R > 0 of value 4 with the help of equations 


&1 — R&, = 0, 2 + RS. — &3 — a — £5) = 0, 3 + R(—E2 + &3 — Ea — €5) = 0, 
é4 + R(—&2 — &3 + 4 — €5) = 0, €5 + R(—Eo — 3 — &4 + €5) = 0. 


It results in that 
&o = €&3 = £4 = £5, 


and one obtains the equations 
éi(1 a R) =0 and €2(1 = 2R) — 0, 


thus : 


By declaring 


2, =0, # =1, 73 =1, e,=1,25=1, (7) 


one will satisfy the condition (6) and one will have the value 4 — 4 of the form (5). 
By making 
4—4p =2, 


one obtains ‘ 
P=>5: 
It follows that the positive quadratic form 


2 2 
By tay +...425° 4 


2,1 2 2 2 2 2 
: val By +05° +95 +24° +24,° —2rhag—... 2x25 (8) 


will have a value 2 corresponding to the system (7). 
By virtue of that which has been discussed in Number 23, the smallest value of the form (8) will correspond 
to a system (11, l2,...,15) verifying the inequality 


H+h4B4+G4+8 <2- 


1 
h =, 
= where R 5 


di 
4 
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One obtains the inequality 
H+G4+84+G4+8 <4 


It is easy to demonstrate that the system (7) is the only one verifying this inequality on condition (6), the 
systems which verify the inequality 


12, 42 12 


i 12 
yo to: S23 


12 
+ £4 


+ Bes 


20,25 — 2x52), — 2xha'l, — 2x3x', — 2ega', — 2a',x%, > 0 


being excluded. By making p = 5 in the form (3), one obtains the perfect form 


Ra cae 1 1 1 5 ey 1 
= t ee + ~£1%2 +0103 +...+X9X5 + —13%4 + —13X5 4 ={-) =. 
2 1 2 sh gp e1e2 123 a ade ha gy vass 2 25 
The corresponding domain R? is composed of forms 

pix} + pees +... + psx3 + pe(t1 — a3)” +... + pii(w2 — a5)” 

pi2(%1 + £2 — 23 za)? + p13(%1 + G2 — £3 — 2X5) 
tpia(%1 + Bo — 24 £5)” + pis(—"%1 —@2 +434 444 rs). 

The number of parameter pi, p2,..., P15 being equal to the number of dimensions of the domain R2, one 


will determine without trouble 15 inequalities which define the domain R2. 


We have demonstrated that all the perfect forms contiguous to the perfect form yi are equivalent to the 
perfect forms y, y1 and go. 

Choose the perfect forms contiguous to the perfect form ¢2. 

To this effect let us notice, in the first place, that the perfect form v1 is contiguous to the perfect form 
¢y2, then observe that all the perfect forms contiguous to the form ¢2 are equivalent. 

To demonstrate this, examine all the faces in 14 dimensions of the domain Ro. 

The domain Rez is characterised by 15 quadratic forms 


U1, ©, 03,04, 05, (21 —@3)”, (1 — 4)”, (a1 — &5)”, (wo — Ba)”, 


(a2 - v4); (%2 — ts), (t1 + %2 — 43 — za), (1 + 22 — 43 — as)’, (9) 


(v1 +2 — a4 — a5)’, (—a1 — a2 +434+%4425)’. 


Each face in 14 domains of the domain R2 possesses 14 of these, and the form which remains can be called 
form opposite to the face. 

One concludes that each face is well determined by the opposite face. 

For the perfect forms contiguous to the perfect form yz to be equivalent, it is necessary and sufficient that 
all the faces of the domain R2 could be transformed one to one with the help of substitutions which do not 
change the domain Ro. 

It would be easy to write all these substitutions, but one will proceed in another way, more speedy. 

Let us observe that the face P belonging to the domain Ri and Re is characterised by all the forms (9), 
the form (—#1 — 22 +43 +2445)” being excluded. 

With the aid of substitution associated with the substitution (4), one will replace the forms (9) by the 
forms: 


(vs 05)?, (ai 04)”, (oh £204)”, (01 bh)’, 
(v5 +25)? (ws + 04)”, (ae +26)”, (05 + 24)”, (28 + 215)”, (10) 


(os + 24), (ah +05 +24 +4)" 


By changing the sign of x and by permuting the variables x2, 73, x4, 2, one will transform into itself 
the forms (10), and the form (x +25 +24 +2) will not change. 

To each similar substitution corresponds a substitution which transforms into itself the domain R2 and 
the face P of the domain Re, and does not change the form (—#1 — 42 +43 +4445)’. 

By changing the sign of x, and by permuting 2}, 73,24, 25, one will transform the form (x, + x5)? into 
forms 


(ai + @)’, (a, + @3)’, (ai + v4)’, (a, + as)” 
and one will transform the form («5 + #3)” into forms 
(x, + 23)”, (w+ 4)”, (2 + 2°)”, (v3 +24)”, (3 + 25))”, (wa + 25)”. 
Thus only the forms 
(a, +05)’, (ao +03)’, (eo ta5+a44+205) (11) 


remain to examine. : : 
By returning to the forms (9), one obtains the forms corresponding to the forms (11). 


@5,03,(—@1 — 2 +43+"4+25)”. (12) 


It is demonstrated that all the forms (9) can be transformed into forms (12) with the help of substitutions 
which do not change the domain Ro. 
With the help of substitutions 


oe t fb I t I t t t t t 3 
1 =%—@s5, L2 = 13, TZ = XQ, C4 = AX_ 1+ XQ, TA =X 4+ Uo —UX4—Xs5, U5 = —-X1{ 4+ XZ 


and 
t cg 


Ul Ul I I Ul Ul Ul 
1 = 241, 02 = —X, —%XQ94+%34+%44+ £5, 13 = 1X3, L4 = M4, L5H = Ts, 
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one will transform the domain Ry» into itself, and the form x3 will be transformed into forms x3 and 
(-2, — 2) +23+04+25)’. 

We have demonstrated that all the forms of the domain R»2 are equivalent. It results in, from that we have 
seen, that all the perfect forms contiguous to the perfect form 2 are equivalent to the perfect form ¢1. 

One concludes that all the perfect forms in five variables constitute three different classes represented by 
the perfect forms y, y1 and yo. 

The set of domains (R) can be divided into three classes also, represented by the domains R, Ri, and Re. 

End of the first Mémoire. 


§ F.3 G. F. Voronoi, 1908 (IT) 


New applications of continuous parameters to the theory of quadratic forms 


Second Memoir 
Research on the primitive parallelohedron 


by Mr. Georges Voronoi in Warsaw 
[Journal fiir die reine und angewandte Mathematik, V. 134, 1908] 
[translated by K N Tiyapan] 
The well known method of reduction for the binary, ternary and quaternary positive quadratic forms T 
rests upon a property of the positive quadratic form, to know: 


Every positive quadratic form pS De has n variables in the set E composing all of the systems 
(€1,22,...,2%n) of integers of the variables £1, £2, ..., Zn N consecutive minima 


Mi <Mo<::-<M, 
determined at condition which the determinant w of a system 
(li, loi, Seay Ini), (lie, loo, aaly In2), Bas (Lin, lon, wea Inn ) (1) 


which represent these minima in the set E' does not vanish. 
In all the cases where one has 4 
W = 


one can transform the quadratic form )~)_a,j;2;x; into an equivalent form by using a substitution 
n 
i= > bina (¢=1,2,...,n) 
k=1 


In the transformed form }*)°aj;«ix;, one will have 
Gee = My (k =1,2,...,n) 


The form )>) a;;2ia; obtained is said to be reduced with respect to the consecutive minima. 

The binary, ternary, and quaternary positive quadratic forms can be reduced with respect to the con- 
secutive minima. t The algorithm which one uses in doing the reduction of these forms is founded on the 
following theorem. 

For a positive quadratic form 


f(@1,2,...,%n) = So auxin; (n = 2,3, 4) 


to be reduced with respect to the consecutive minima, it is necessary and sufficient that one has the inequal- 


ities 
f(@1,@2,...,€p-1,1, 2e41,.--;¥n) > Ake (k =1,2,...,n) (2) 

and 
aii <ao2 <...< ann (3) 

which is valid for integers of the variables 
L1,-++)Uk-1,Lk41,---,4n (kK =1,2,...,n) 
By letting 

vi =2,+6;¢, where 6, =0 and i=1,2,...,n (4) 
one will determine for the given form f(#1,%2,...,%n) integers 61,..., dp—1, dk41,---,6n the condition of 
which the corresponding value f(61, ..., 6-1, 1, 6n41,---,6n) would be smallest. By making successively 
k =1,2,...,n and repeating the procedure stated, one will always transform the given form with the aid of 


the substitution (4) into a form which is no different from the reduced form except by a permutation of the 
coefficients (n = 2,3, 4) 


{ Lagrange, Recherches d’Arithmétique [Studies in arithmetic] (Oeuvres, V. III, p. 695) 
Gauf, Disquisitiones arithméticae (Oeuvres, V. I, art. 171, p. 146) 


Lejeune-Dirichlet, Uber die Reduktion der positiven quadratischen Formen mit drei unbestimmten ganzen Zahlen 

[On the reduction of the positive quadratic forms with three indeterminate integers] (Oeuvres, V. II, p. 41) 
Minkowski, Sur la réduction des formes quadratiques positives quaternaires [On the reduction of the quaternary 
positive quadratic forms] (Comptes Rendus des séances de l’Académie de Paris, V. 96, p. 1205) 


{ Korkine and Zolotareff, Sur les formes quadratiques positives. (Mathematische Annalen, V. 6, p. 336 and V. 11, 
p. 242) 


A471 


A472 
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The procedure stated in the general case can not be carried on indefinitely and one will always arrive at 
an equivalent quadratic form }/ a/;2;2; which verifies the inequalities (2) and (3), but one does not know 
from the number of variables n > 4 whether the coefficients ai,, (k = 1,2,...,) in the form obtained exhibit 
a system of consecutive minima, besides: one also does not know whether the reduction of every positive 
quadratic form with respect to the consecutive minima is possible. 

One rids oneself of the described difficulty by changing the notation of system with n consecutive minima 
into nothing more than considering the systems (1) which verify the equation 


w=. 


This is the method known as Hermite method { which has recently been improved by Mr. Minkowski in the 
memoir titled Diskontinuitdtsbereich fiir arithmetische Aquivalenz. [Discontinuity domain for arithmetical 
equivalence] ¢ in the set E, the quadratique 5) )\aijaiaj; being positive and ai,a2,,a, any arbitrary 
parameters. 

In the case n = 2 , the problem put forward has been solved by Lejeune-Dirichlet and by Hermite § 

By reflecting upon the principles which have served as basis in these researches of these two illustrious 
geometers, I have observed that the problem introduced is intimately connected to the problem of the 
reduction of positive quadratic form. 

In effect, Lejeune-Dirichlet and Hermite have demonstrated the following theorem. 

The conditions necessary and sufficient for which the inequality 


ax” + 2bay + cy” + 2ay + 2By > 0 
holds, for any integer values of « and y, in general come down to six inequalities 
al’ + 2blm + cm? + 2(al + Bm) > 0, 
al” +.2bl'm! +em’ + 2(al! + Bm’) > 0, (5) 


al”? + 201m" + em!” + 2(al” + Bm") > 0, 


where the systems of integers 
(l,m), (,m") and (l",m” 


depend only on coefficients of the quadratic form (a, b,c). 

By considering the parameters a and § as the Cartesian coordinates of a point (a, 8) of the plane, one 
will determine by the inequalities (5) a hexagonal P which is formed by three pairs of parallel edges. The 
study of properties of the hexagon P plays an important role in the study of Lejeune-Dirichlet which has 
indicated two fundamental properties of the hexagon P. 

I. There exists a group of translations of the heragon P with the aid of which all the plane will be covered 
by the congruent hexagons. 

Il. Any binary positive quadratic form can be transformed by an equivalent form (a,b,c) satisfying the 


conditions 
a—b>0,b>0,c—b>0. (6) 
The hexagon P corresponding to the form (a,b,c), in the case 
a—b>0,b>0,c—b>0, 


is characterised by the systems 
(1,0), (0, 1), (1,-1) (7) 
In the casea—b=0, or (b=0), orc—b=0, the hexagon P reduces itself into a parallelogram. 
The inequalities (6) define a domain D of binary quadratic forms which is perfectly determined by the 
systems (7). 
With the help of the substitution 
c= oe US as 
one will transform the domain D by a domain D’ defined by the inequalities 
a+b>0,-b>0,c+b>0 (8) 


which is characterised by the systems 
(1,0), (0,1), (1, 1) 
One calls reduced by Selling|’s method] the binary positive quadratic forms which verify the inequalities 
(8). t 
By effecting all the transformations of the domain D with the help of substitutions 
e=pe'+qy',y=pe't+d'y! 
of integer coefficients and of determinant +1, one obtains a set (D) of domains of binary quadratic forms. 


{ Hermite, Extraits de lettres a Jacobi sur différents objet de la théorie des nombres (This Journal, V. 40, p. 302) 
t This Journal, V. 129, p.220 
§ Lejeune-Dirichlet, Mémoire cited 


Hermite, Sur la théorie des formes quadratique ternaires [On the theory of ternary quadratic forms] (This Journal, 
V. 40, p. 178) 


t Selling, Uber die bindren und ternaren quadratischen Formen. [On the binary and ternary quadratic forms] (This 
Journal, V. 77, p.143) 
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The set (D) of domains uniformly partitions the set of all the binary positive quadratic forms, that is to 
say: a form which is interior to any one domain D of the set (D) does not belong to any other domain of 
this set; a form which is interior to a face of the domain D belongs to only one other domain of the set (D) 
which is contiguous to the domain (D) by this face. 

The results summarised have brought me to a new point of view on the problem of reduction of positive 
quadratic forms. 

The problem of reduction of positive quadratic forms consist of a uniform partition of the set of positive 
quadratic forms with the help of domains of forms, determined using linear inequalities and enjoying the prop- 
erty that any substitution of integer coefficients and of determinant +1 does not change the set (D) of these 
domains. By partitioning the set (D) into classes of equivalent domains and by choosing the representatives 
of all the classes 

D,Di,...,Dm-1, (9) 
one will call reduced the quadratic forms which belong to these domains. 

One could attach the supplementary condition to the domains (9) by demanding: 1). that m = 1, 2, 2). 
that the positive quadratic forms interior to the domain D are not equivalent and lastly, 3). that the number 
of linear inequalities which define the domain D be the smallest one possible. 

I hope to return another time to the problem posed of the reduction of positive quadratic forms. 

In this mémoire, I restrict myself to the study of domains of quadratic forms which one obtains by 
generalising the results shown in studies of Lejeune-Dirichlet and of Hermite for the positive quadratic forms 
in any number of variables. 

The hexagon of Lejeune-Dirichlet can be replaced for the positive quadratic forms of n variables by a 
convex polyhedron of the analytical space in n dimensions. 

For a positive quadratic form )> > aijaix;, the corresponding polyhedron R presents a set of points (a) 


verifying the inequality 
So > aijaiay +25 ° ani >0 (10) 


in the set FE. The polyhedron R can be determined with the help of independent inequalities 


So So aighindjs £25 ° ailiz > 0, (k = 1, 2, oss .,T) 
the number 27 of which does not exceed a limit 
O20" 11). 
the systems of integers 
+(d11, doi,...,ln1), (hia, loo, ..., Ina)... E(laz, bor, .-- tne) (11) 


define by the corresponding equations 


SOY. aijlindjn +2 So ailix =0 


27 faces in n—1 dimensions of the polyhedron R. As these faces partition themselves into 7 pairs of parallel 
faces, I call parallelohedron the polyhedron R corresponding to any positive quadratic form. 
The systems (11) enjoy many important properties. 


1. For a system (li,l2,...,ln) to belong to the series (11), it is necessary and sufficient that two systems 
(d1, t2,...,In) and (—h, —lo, ...,—In) are the only representations of the minimum of the form )~ y~ aij xia; 
in the set composed of all the systems of integers which are congruent to the system (l1,lo,...,ln) by relation 


to the modulus 2, the system l, = 0,l2 = 0,...,ln = 0 being excluded. 

2. Among the systems (11) are found all the representations of the arithmetical minimum of the positive 
quadratic form S> > aij tia;. 

8. among the systems (11) are found all the systems (1) which represent n consecutive minima of the form 
QijLix;. 

4. All the determinants which one can form of any n systems belonging to the series (11) do not exceed 


in numerical value a limit n!. ; : ; 
By designating by the symbol S, the number of faces in y dimensions (v = 0,1,2,...,2— 1) of a paral- 


lelohedron R, I have found that 
Sv < (n4+1—v)A%? (m")ma1. (v = 0,1,2,...,n—1) 
By making v = 0 in this inequality, one obtains 
So<(n+1)!, 
therefore the number of vertices of a parallelohedron R does not exceed a limit (n+1)!. By making vy = n—1, 
one obtains 
Shai oa" 1): 


I demonstrate in this memoir that there exist parallelohedra, the symbol S, for which are expressed by 
the formula 


Sv =(n+1—v)A%” (m")ma1- (v = 0,1,2,...,n—1) 


All these parallelohedra are primitive. 

The notation of positive parallelohedra plays an important role in my studies. 

I have arrived at the notation of primitive parallelohedra by observing that the parallelohedra possess 
Property I of hexagons of Lejeune-Dirichlet, in knowing: 

I. There exists a group of transformations of a parallelohedron R with the help of which one uniformly fills 
the analytical space inn dimensions by the congruent parallelohedra. 
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Designate by (R) the set of parallelohedra which are defined by the inequality 


So > aijaies +2) ° cum 2 Soy aight; +25 ails, 


11, l2,...,l, being arbitrary integers. Ay system (Ir) of integers characterise a parallelohedron of the set (R). 
I demonstrate that the set (R) of parallelohedra corresponding to the various systems (J,;) of integers 
unformly fills the space in n dimensions. 
The corresponding group of translations of the parallelohedron R defined by the inequalities (10) is com- 
posed of vectors [A;] which are determined by the equalities 


n 


dM = — So oink, (¢=1,2,...,n) 


k=1 


11, l2,...,l, being arbitrary integers. 

Any vertex (a;) of parallelohedra of the set (R) belongs to at least n+ 1 parallelohedra. I call simple a 
vertex (a;) which belongs only to n+ 1 parallelohedra of the set (R) and I establish a notion of primitive 
parallelohedron as follows: 

One call primitive parallelohedron, a parallelohedron the vertices of which are simple. 

All the parallelohedra which are not primitive are called nonprimitive. From this point of view, the 
hexagon of Lejeune-Dirichlet presents a primitive parallelohedron and each parallelogram is a nonprimitive 
parallelohedron in two dimensions. 

Any nonprimitive parallelohedron is a boundary of primitive parallelohedra and can be considered as a 
case of degeneracy of primitive parallelohedra. 

I divide the primitive parallelohedra into various types by characterising a type of primitive parallelohedra 
by a set (L) of simplexes correlative to the various vertices of parallelohedra which belong to the set (R). 

An identical vertex (a;) is determined by n + 1 equations 


So Yo aislinli + 2) ailix =A. (k=0,1,2,...,n) 


In n+ 1 systems of integers 
(lin, lok,.--,lnk), (Kk =0,1,2,...,n) 


I make a simplex LZ correspond by defining it as a set of points which are determined by the equations 


n n 
“i= S Vili, where So ve =1 and J; > 0. 
k=0 k=0 
(R00) 1232.2 2 og) 

The set (L) of simplexes which are correlative to the vertices of the set (R) of primitive parallelohedra 
enjoys important properties. 

1. The set (L) of simplezes uniformly partition the space of n dimensions. 

2. By effecting the various translations of a simplex of the set (L) the length of vector [l;] which are 
determined by the arbitrary integers l1,lo,...,ln, one obtains a class of congruent simplezes which belong to 
the set (L). 

8. The number of incongruent simplezes of the set (L) is finite. 

Property II of hexagons of Lejeune-Dirichlet for the primitive parallelohedra can be generalised as follows: 

II. All the quadratic forms which define the primitive parallelohedra belonging to the type characterised by 
the set (L) of simplexes are interior to a domain of quadratic form in ninth) dimensions defined by linear 
inequalities. 

I obtains the linear inequalities which define a domain D of quadratic forms corresponding to a set (L) of 
simplexes by examining the incongruent edges of primitive parallelohedra belonging to the type characterised 
by the set (ZL) of simplexes. 

An vertex (a;) of primitive parallelohedra of the set (R) belongs to n+ 1 edges [a;, ajx] of these paral- 
lelohedra (& = 0,1, 2,...,7). 

By putting 

Qik — =DikPr, (4=1,2,...,n;k =0,1,2,...,n) 
one can determine the positive parameter p,, of such manner that the numbers pig, pox, .-.,Pnk are integers 
and do not possesses common divisor. I demonstrate that the parameter p; expressed by a linear function 


k 
pe= DTD UP i (12) 
of coefficients of the given quadratic form )> )> ai; 2;2;, the coefficients 
k k ; 
pi = fee @=1,2,...,m 7 =1,2,...,n) 


being rational. 
I call regulator of the edge [a;, ai], the function py determined by the formula (12); the system (pix) is 
called characteristic of the edge 
lai, ax]. (kK =0,1,2,...,n) 


As the edge [a;, aix] is correlative to a face P;, of n — 1 dimensions of the simplex L which is correlative 
to the vertex (a;), I call the function (12) regulator of the face P, and the system +(Pijx) characteristic of 
the face P, of the simpler L (k =0,1,2,...,n) 
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By designating by 
pr and +(pir), (kK =1,2,...,0) 


the regulators and the characteristics of all the incongruent faces in n — 1 dimensions of the set (L) of 
simplexes, I demonstrate the following important theorem: 
The domain of quadratic forms which is characterised by the set (L) of simplezes is defined by the linear 


inequalities 
k 
pr =) 5 PS, aij > 0. (k =1,2,...,0) 


All the domains of quadratic forms which I have studied in this memoir possess a remarkable property: 
they are simple domains, that is to say the number of independent inequalities which define them is equal 
to — 

Another coincidence has attracted my attention for a long time: that is the relation which exists within 
the results shown in this memoir and those which have been obtained in my first memoir titled: “On 
some properties of perfected positive quadratic forms” + I have observed that the set of characteristics 
+(piz),k = 1,2,...,0 is nothing but the set of all the representations of the minimum of a perfect quadratic 
form y. Thee domain D either coincides well with the domain R corresponding to the perfect form y, or 
presents well a group of this domain. 

Despite all my effort, I have not succeeded in discovering the tie which attaches the two problems shown 
and which seem to be so different, abstraction made of a remarkable formula 


1 oC 
> S> AijLj;Lji = hi! So peeve (pines + pve +--:+pnk&n) 
k=l 


which supplies the expression of an arbitrary quadratic form )~ )~ aij: 2ix; in function of the regulators 
pe(k = 1,2,...,0) which are determined by the formula (12). 

In this formula w, (k = 1,2,...,0) are positive integers which depend only on corresponding faces of 
simplexes of the set (L). 

To the various types of primitive parallelohedra corresponds a set (D) of domains of quadratic forms. The 
set (D) uniformly partitions the set of all the positive quadratic forms in n variables. 

I show in this mémoire an algorithm, by the aid of which one can determine all the domains of forms 
which are contiguous to a domain of the set (D) by the faces in — —1 dimensions. This algorithm 
comes down to a certain reconstruction of the set (L) of simplexes by another set (L’). 

The set (D) of domains of forms transforms into itself by all the substitutions of integer coefficients and 
of determinant +1. By dividing the set (D) into classes of equivalent domains, one obtains with the aid of 
the algorithm shown the representatives 

D,Di,...,Dm—1 


of various classes of domains belonging to the set (D). 

By calling reduced the quadratic forms which belong to the domains obtained, one establishes a new 
method of reduction of positive quadratic forms. 

I have applied the general theory shown to the study of two types of primitive parallelohedra of the space 
in n dimensions which correspond to the principal domain of quadratic forms and to the domains which are 
contiguous to the principal domain by the faces in a — 1 dimensions. The principal domain is defined 
by the inequalities 

n 
So ai SO MGS Fa 


k=1 
-—ay>0. =1,2,...,4j7=1,2,...,miF 5) 


I study in detail the parallelohedra of the space in 2, 3 and 4 dimensions. 

In the space in 2 dimensions, there is only one type of primitive parallelohedra, provided that one does 
not consider as different the equivalent types; it is the hexagon of Lejeune-Dirichlet. 

The set (D) of domains is composed in this case of a single class, the representative of which is the 
principal domain defined by the inequalities (8). 


In the space in 2 dimensions, there is only one single space of primitive parallelohedra — it is the parallel- 
ogram. 


In the space in 3 dimensions, there is only one single type of primitive parallelohedra — it is a polyhedron 
of 14 faces, 8 of which are hexagonal and 6 of which are parallelogrammatic. 

The set (D) of domains is composed in this case of a single class, the representative of which is the principal 
domain. By calling reduced a ternary positive quadratic form az” + a'y? + a2? + Qbyz + 2b' za + 2b" ry 
which belongs to the principal domain determined with the help of inequalities 


a+0)+6" >0,a'+b"+b>0,0"+5b+0' >0,-b>0,-' >0,-b" > 0, 


one will arrive at the method of reduction of ternary positive quadratic forms due to Selling. + 

In the space in 3 dimensions, there are 4 spaces of primitive parallelohedra, they are : 1). the paral- 
lelepiped, 2). the prism of hexagonal base, 3). the parallelegrammatic dodecahedron and 4). the dodecahe- 
dron in 4 hexagonal faces and 8 parallelogrammatic faces. 


{ This Journal, V. 133, p. 97 
{ Selling, Mémoire cited 
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In the space of 4 dimensions, there are three types of primitive parallelohedra. The set (D) of domains is 
composed of three classes of domains of quaternary quadratic forms. 
I have determined the three representatives of these classes 


D, D’, D", 


By calling as reduced the quaternary positive quadratic form which belong to the domains D, D’, D’, I 
have arrived at a modification of the methods of reduction of quaternary positive quadratic forms due to 
Mr. Charve. t+ 

By virtue of this theorem, the problem of uniform partition of the space in n dimensions by congruent 
primitive parallelohedra always comes down to the study of parallelohedra corresponding to the positive 
quadratic forms. 

I am inclined to think, without being able to demonstrate, that the theorem introduced is also true for 
the nonprimitive parallelohedra. 

The parallelohedra of the space in 2 and in 3 dimensions have been studied by Mr. Fedorow § which has 
discovered with the help of purely geometrical considerations, the exitence of two spaces of parallelohedra 
in the space in 2 dimensions and the existence of five spaces of parallelohedra in the space in 3 dimensions. 
Mr. Fedorow has demonstrated that there is no other parallelohedra in the space of 2 and of 3 dimensions. 

The parallelohedra in 3 dimensions of Mr. Fedorow play an important role in the theory of the structure 
of crystals. § 

First part 
Uniform partition of the analytical space in n 
dimensions with the aid of translations of the same convex polyhedron 


Section I 
General properties of parallelohedra 


On the convex polyhedra in n dimensions 


One will call point of the analytical space in n dimensions any systems (1, %2,...,%n), or simply (a;), of 
real values of variables 71, %2,...,2n.- 
Consider a system of linear inequalities 


n 
aoz +S aines > 0 (k =1,2,...,¢) (1) 
i=1 
of any real coefficients. 


One will say that the set R of points verifying the inequalities (1) is of n dimensions, if there exist points 
satisfying the conditions 


aon +S > aines > 0. (k =1,2,...,0) 


One will call them point, interior to the set R. 
Fundamental principle. + For the set R of points verifying the inequalities (1) to be of n dimensions, it is 
necessary and sufficient that the equation 


po + S> pe (aoe + S> ainai) =0 
k=l 


does not reduce into an identity so long as all the parameters po, pi,..-, Po are positive or zero. 
Definition I. One will call convex polyhedron any set of points verifying a system of linear inequalities, on 
condition that this set be bounded and of n dimensions. 


Let us suppose that the inequalities (1) define a convex polyhedron R and suppose that all the inequalities 
(1) be independent. In such case, the polyhedron R possesses o faces in n — 1 dimensions which are defined 
by the corresponding equations 


aon + D> ainai = 0. (k =1,2,...,0) 


t Charve, De la réduction des formes quadratiques quaternaires positives [Of the reduction of quaternary quadratic 


forms] (Comptes-Rendus des séances de l’Academie du Paris), V. 92, p.782 and Annales de PEcole Normale 
supérieure, 2”¢ serie, V. XI, p.119 


{| Fedorow, Basic principles in the theory of diagrams. St. Petersbourg, 1885 (in Russian) 


Fedorow, Regulare Plan- und Raumteilung. [Regular planar and space partition |] (Abhandlungen der K. bayer. 
Akademie der Wiss. II Cl., XX Bd. II Abt. Miinchen, 1899) 


See also: Minkowski, Allgemeine Lehrsatze tiber die convexen Polyeder. [General theorems on the onvex polyhedron] 
(Nachrichten von der Kéigl. Gesellschaft der Wissenschaften zu Géttingen, Matheem. -Physikalische Klasses, 1897, 
p.198) 


§ See: Fedorow, Courses in Crystallography. St. Petersbourg, 1901 (in Russian) 
Soret, Cristallographie physique. [Physical crystallography] Genéve, 1894. 
Schénflies, Kristallsysteme und Kristallstruktur. [Crystal systems and crystal structure] Leipzig, 1891 
Sommerfeldt, Physikalische Kristallographie.[Physical crystallography] Leipzig, 1907. 


{ The principle announced differs only in the formulation from the fundamental principle explained in my first memoir 
titled: On some properties of perfect positive quadratic forms. (This journal, V. 133, p. 113) 
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Definition II. Suppose that a point (ai) belonging to R verifies the equations 
aor +) aire: = 0, (r = 1,2,...,p) (2) 
and that one had the inequalities 
aon + >> ain ai >0. (K=p+l,...,o) 


Designate by v the number of dimensions of the set P(v) composed of points belonging to R and verifying the 
equations (2). One will call face in v dimensions of the polyhedron R the set P(v)a, (v = 0,1,2,...,n—1). 

In the case v = 1, one will call edge of the polyhedron R a face P(1) and in the case v = 0, one will call 
vertex of the polyhedron a face P(0). 

For more generality in the notations, one will designate by the symbol P(n) the polyhedron R itself. 

Under this restriction, one can introduce the following proposition: 


Any point belonging to the polyhedron R is interior to a face P(v) of that polyhedron, where v = 0,1,2,...,n. 


Let us suppose that the polyhedron R possesses s vertices 


(ai), (ai2),.--, (Qs). 
Designate by 
(aii), (@i2),---5 (Qim) 
all the vertices of R which verify the equations (2). 


Theorem. + The face P(v) inv dimensions (v = 0,1,2,...,n) of the polyhedron R defined by the equations 
(2) presents a set of points determined by the aid of equalities 


i= S 9,04 where >> 9, =1 and J, >0. (r=1,2,...,m) 


r=1 


Set of domains inn dimensions corresponding to the different vertices of a convex polyhedron. 


Let us suppose a vertex (a;) of the polyhedron R be determined by the equations 


dor + > anti = 0. (K =1,2,..-, 4) (1) 


Definition. One will call domain corresponding to the vertex (xi) the set A of points determined with the 
help of equalities 


Lb 
w= Se peait where pp > 0. (kK =1,2,...,p) (2) 
k=1 


Designate by 
Aj, Ao,..., As (3) 


the domains corresponding to the different vertices 
(a1), (a2), sas Hg (ais) 


of the polyhedron R. By virtue of the definition established, the set (3) of domains enjoys the following 
properties: 

I. All the domains of the set (3) are in n dimensions. 

Let us suppose the domain A determined by the equalities (2) be not in n dimensions. 

All the points (x;) belonging to the domain A verify at least one linear equation 


7 = 0. 


>> piain = 0. (= 1,2,... 54) (4) 


As the equations (1) define a vertex (a;) of the polyhedron R, one will find among the systems 


By virtue of (2), one will have 


(a1, eater) ,Qn1), (a12,. e -;An2), ny (1p, - ie daip ) 


n systems the determinant of which is not zero; it follow that the equalities (4) are impossible. 
II. Any point of the space inn dimensions belong to at least one domain of the set (3). 
Let (a;) be an arbitrary point. Examine the sum 


SS aicir; (k = 1,2,...,8) 


{ See my mémoire cited, Number 12 
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and suppose that the smallest sum > a;2; correspond to the vertex (a;) defined by the equations (1). One 
will have the inequalities 
So aiaix > So aici. (k =1,2,...,8) 
By virtue of the theorem of Number 3, one obtains 


Aix; > y aia, 


for any point (z;) belonging to the polyhedron R. 
One concludes that the inequalities 


So aiai — So aie >0 and don + So ainei >0 (k=1,2,...,¢) 


can not define a polyhedra in n dimensions and, by virtue of the fundamental principle of Number 1, one 
will have an identity 


pot >> ajay — S aju;) + S> pe (20x + by inxi) = 0, 
k=l 


po 29,p 20, pr > 0. (k =1,2,...,¢) 
By making x; = a; in this identity, it will become 


po + S> pee (aoe + S- ainai) = 0, 
k=l 


and as according to the supposition made 


where 


Qok + So aici >0 
as long ask = wp +1,...,0, it is necessary that 


po = 9, ppti =0,.-., pc =9, 


a 
o> ajay — » ajxi) + S> pee(aok + S- anti) = 0. 
k=1 


therefore 


One draws : 
ai = > ain where PX >0, (kK =1,2,...,p) 
= p 
k=1 

therefore the points (a;) belongs to the domain A. 

Ill. A point which is interior to a face A(v) (v =0,1,2,...,n) of any domain of the set (3) belongs only 
to the domains of the set (3) which are contiguous by the face A(v). 

Suppose the point (a;) be interior to a face A(v) of the domain A. 

By designating with 

(ai1), (ai2), ee (air), T <p 

the points which characterise the face A(v), one can put 


a= So peair where pp >0. (kK =1,2,...,7) 
= 
Suppose that the point (a;) be interior to another face A’(v’) of a domain A’ which corresponds to a 
vertex (a). One can put 


! 


a; = Se prain where p;, > 0. (h=1,2,...,7’) 
h=1 
By virtue of these equalities, one will have an identity 


po + ce + S- Qikti) = tah TF S- ainzi) (5) 
h=1 h=1 


By making within this identity x; = a;, one obtains 
po = So (aon + So inci), 
h=l 


{t See my mémoire cited, Number 13 
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and it results that 
po = 0. 


By making within the identity (5) x; = xj, one obtains 


po + S> pee (aoe + ye ajna;) = 0; 
k=1 


consequently po = 0 and 
Qok + aincds =0. (k=1,2,...,7) 


In the same manner, one finds 
aon + So ainai =0. (h=1,2,...,7’) 


One concludes that the two faces A(v) and A’(v’) coincide. ¢ 

By virtue of properties demonstrated of the set (3) of domains, one will say that this set uniformly 
partitions the space in n dimensions. 

Definition of the group of vectors 


Definition I. One will call vector the set of points determined with the help of equalities 
x, = 2 + ula; —a;i) where 9<u<1, (1) 


(ai) and (ai) being any two different points. 

One will designate the vector determined with the help of equalities (1) by the symbol [a;, a/]. In this 
case a; = 0(i = 1,2,...,n), one will designate the corresponding vector by the symbol [aj] and one will call 
it rector of the point (a). 

Definition I. Suppose that 

[Aa], Ave], ---; Aim] (2) 


be the vectors of arbitrary points (Xi1), (Ai2),---; (Aim). One will call group of vectors the set G of vectors 
determined with the help of equalities 
m 
Mi = S- Le Aik; 
k=1 
li, l2,...,lm being of arbitrary integers. 
One will call basis of the group G of vectors the vectors (2). 
Translation of polyhedra. 


Definition. Effect a linear transformation of a polyhedron R with the help of a substitution 
gi =2,—-r, (@=1,2,...,n) (1) 


the coefficients Ai, A2,...,An being arbitrary. One will say that one has effected a translation of the polyhe- 
dron R the length of the vector [Ax]. 
Suppose that the polyhedron R be determined by the inequalities 


aok +S ainai > 0, (k= 1,2,...,¢) 
The transformed polyhedron R’ will be determined, by virtue of (1), by the inequalities 
aok +S ain(wi — Ai) > 0. (k = 1,2,...,¢) 


One will call congruent the polyhedra R and R’. 


Let G be a group of vectors. By effecting the different translations of the poly hedron R the length of 
vectors belonging to the group G, one will form a set R of congruent polyhedra. 

One will say that the set (R) of congruent polyhedra uniformly partition the space in n dimensions in the 
following conditions. 

I. Any point of the space in n dimensions belongs to at least one polyhedron of the set (R). 

II. A point which is interior to any one face P(v) (v =0,1,2,...,n) of a polyhedron of the set (R) belongs 
to only the polyhedrons of the set (R) which are contiguous by the face P(v). 

Definition of parallelohedra 


Definition. One will call parallelohedron any convex polyhedron R possessing a group G of translations 
with the aid of which one can uniformly fill the space in n dimensions by the polyhedra congruent to the 
polyhedron R. 

By virtue of the definition established, the parallelohedra possess an important property, in knowing: 

By effecting a linear transformation of a parallelohedron with the help of a substitution by any real coeffi- 
cients 


n 
—_ / sp 2 
Li = aio + Ont,, (@=1,2,...,n) 
k=1 


{ See my mémoire cited, Number 20, p. 133 
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one obtains a convex polyhedron which is also a parallelohedron. 

Observe that by virtue of the definition established, any parallelohedron of the space in n dimensions is a 
parallelohedron. 

Properties of the group of vectors of a parallelohedron. 


Suppose that a parallelohedron R be defined by the inequalities 
Qok +o ani >0. (k=1,2,...,¢) 
Designate by G the group of the parallelohedron R and suppose that the group G possesses the basis 
[Aa], [Aca], -.-, [Adem]. (2) 


All the vectors which form the basis of the group G can not verify the same linear equation 


So piri = 0, 


because otherwise the set (R) of congruent parallelohedra corresponding to the group G would not fill the 
space in n dimensions. 
One concludes that among the vectors (2) there are n vectors 


[Air], [iz], «++ 5 [Aim] (3) 


the determinant +A of which is not zero; one will call them independent. 
Theorem I. The numerical value A of the determinant of n independent vectors possesses a limit 


a> dztidz2---dztp. 
(R) 


Let (a;) be any point which is interior to the parallelohedron R. Introduce within our researches a 
parallelepiped K determined with the aid of equalities 


i= ait D> urrin, (i= 1,2,...,n) (4) 
k=l 
where 
ee ae aay ee (5) 


One can choose the positive parameter 6 in such manner that all the points of the parallelohedron R 
defined by the inequalities (1) belong to the parallelepiped K. 


Take a positive integer m and determine (m+1)” systems (11, l2, ...,l») of integers verifying the inequalities 
O<k<m. (k=1,2,...,n) (6) 
Designate by 
n 
Me Ae 1S ees cntely) (7) 
k=1 


(m+ 1)” corresponding vectors belonging to the group G. 
By applying the translations of the parallelohedra R the length of vectors (7), one obtains (m+ 1)” 
different parallelohedra of the set (R): 


R™. (h =1,2,...,(m+1)") (8) 
Designate by H a parallelepiped which is determined by the equalities 


wi = 01+) undar; (¢=1,2,...,n) (9) 
k=1 
where 
—6<ur<mt+o6. (k=1,2,...,n) (10) 


I argue that all the points of parallelohedron (8) belong to the parallelepiped H. In effect, let (x) ) be 
any point of the parallelohedron R“” (h = 1,2,...,(m+1)"). By posing 


ep Se SA GS 1,2, cat) (11) 


one obtains a point (x;) belonging to the parallelohedron R which is congruent to the point given (a) ). By 
virtue of (4), (7) and (11), one obtains 


n 
ai”) =ait Soli + Uk) Aik, 
k=1 


and by (5) and (6), it becomes 
—6 <p tur<m+o6, (k=1,2,...,n) 
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thus the point (a\" ) ) belongs to the parallelepiped H. 
It follows that 


i) dzidr2++:d&t&n >= / dzidt2-:-dtn. (h=1,2,...,(m41)”) 
(#) np v(R") 


By observing that 
/ dxidz2-+- dan = A(m+ 26)" 
(H) 


and that 
tp dxidx2---dtn = } dxidz2:+-dtn, (h=1,2,...,(m+1)”) 
(RP) (R) 


one obtains 
A(m + 26)” > (m+ 1)” dxid2-+-dtn. 
(R) 
By making the number m increase indefinitely, one finds 


a> | dz dx2---dtn. 
(R) 


10 
Theorem II. The group G of vectors of a parallelohedron possesses basis formed by n independent vectors. 


Designate by G’ a group of vectors having the basis (3). It can be that the two groups G and G’ coincide. 
In that case n vectors (3) present a basis of the group G. 
By supposing the contrary, one will have among the vectors (2) at least one vector [Aj] which does not 


belong to the group G’. By putting 
n 
= Ob, 
k=l 


one will have among the numbers 14, 15,..., J), at least one number which is fractional. 
Designate by l1,l2,...,dn the integers verifying the inequalities 


1 
|t~ —te| < g (k=1,2,....n) 

and suppose that Ul), —1, £0. 

By designating 

Nik = Ask, (b= 1,2,...,n,k xr) and A, =%— Do Ueda: 
one obtains a system of n independent vectors 
[Niu], [Nie], eda) [Nin] 
belonging to the group G, the determinant +A’ of which verifies the inequality 
1 
0<A'< 34 

The procedure explained can not be prolonged indefinitely, by virtue of Theorem I, therefore one will 

always obtain a system of n vectors forming the basis of the group G. 


11 
Theorem III. The numerical value A of the determinant of a system of n vectors forming the basis of the 


group G is expressed by the formula 
a- | dz ,-dx2-::dtn. 
(R) 


suppose that the system (3) of n vectors presents a basis of the group G. 
Introduce in okur studies a parallelepiped H’ determined with the help of equalities 


Li =ait So urn, (@=1,2,...,n) (12) 
k=1 
where 
b< ur <m—<d.(k =1,2,...,n) (13) 


I argue that any point of the parallelepiped H’ belongs to at least one of parallelohedron (8). In effect, 
let (xj) be any point of the parallelepiped H’ . 

Designate by R° a parallelohedron of the set (R) to which belongs the point (x/). Let [\i] be the vector 
which defines a translation of the parallelohedron R to R°. By putting 


GS L, —xi, (14) 
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one obtains a point (x;) belonging to the parallelohedron R which is congruent to the point xj. By virtue 
of the supposition made, the vector [A;] can be determined by the equalities 


= Sob e- (15) 
k=1 


As the point («/) belongs to the parallelepiped H’, one will present the equalities (14), by (12) and (15), 


in the following form: 


etiz=ai4 So (we Ik) Aik - 
hal 


The point (x;) belonging to the parallelohedron R belongs also, by virtue of the supposition made, to the 
parallelepiped K determined by the equalities (4), by condition of (5). It follows that 


—6<ur-i <6, (kK=1,2,...,n) 


and as, by (13), 
6<ur<m—6, (k=1,2,...,n) 


it becomes 
0<&<m, (kK =1,2,...,n) 


therefore the vector [A;] determined by the equalities (5) is among the vectors (7) and the point examined 
(x') of the parallelepiped H’ belongs to a parallelohedron of the series (8). 


It follow that 
i dxzidt2---dtn < ff dzidxt2---d&n. 
H! h (RP) 


By making the number m grow indefinitely, one obtains 
A< / dxidzy---dzp. 
(R) 


By virtue of Theorem I, it is necessary that 


a= | dzidx2---dxn. 
(R) 


Properties of faces inn —1 dimensions of a parallelohedron. 


Suppose that a parallelohedron R be defined by the independent inequalities 
aon +S  ainvi >0. (kK=1,2,...,4) 


Designate by P,(k = 1,2,...,0) the faces in n—1 dimensions of the parallelohedron R determined by the 
corresponding equations 


Qok + So ainai =0. (1) 
Let (a;) be a point which is interior to the face P,. Examine a parallelepiped K defined by the equalities 
xi =a;+u; where |u| <e.(@=1,2,...,n) (2) 


One can choose a parameter ¢ however small that one will have the inequalities 
dor +) airti > 0, (r= 1,2,...,0,r #k) (3) 


for any point («#;) of the parallelepiped K. It results in that all the points of the parallelepiped K verifying 
the inequality 


Gon + So ainai > 0 (4) 


belong to the parallelohedron R. As the point (a;) verifies the equation (1), the equation (4) reduces, by 
reason of (2), to this one here 
oe aon > 0. 


I argue that one can choose a value of the parameter ¢€ however sall that all the points of the parallelepiped 
K verifying the inequality 
S> aikui <0 


will belong to another parallelohedron R; of the set (R). By relying on the demonstrated properties of the 
group G of vectors, one will easily demonstrate the proposition stated. 

Two parallelohedra R and R, are contiguous by the face P, in n — 1 dimensions. Designate by [Ajx] 
the vector which defines a translation of the parallelohedron R; to R. The face P;, which is defined in the 
parallelohedron R by the equation (1) will be defined in the parallelohedron R;, by the equation 


—aokr — S- ain; =O. (5) 
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By carrying out a translation of the face P;, the length of the vector \;,, one obtains another face P, of 
the parallelohedron R which will be within the parallelohedron determined by the equation 


—@0k — So ain (ai — Xr) =0. 


One will call parallel the faces Pe and P, of the parallelohedron R. We have arrived at the following 
important result: 
All the faces inn —1 dimensions of a parallelohedron can be divided into pairs of parallel faces. 


Designate by a Z 
1,f2,..., Ro 


all the parallellohedra which are contiguous to the parallelohedron R by the faces P;, Po,...,P,. Designate 


by 
[Air]; [Az], --- 5 io] (6) 


the corresponding vectors. 
By virtue of the definition of the parallelohedron, the vectors (6) form the basis of the group G. Among 
the vectors of this group there exist the systems of n vectors which form a basis of the group G. 
Congruent faces in different dimensions of a parallelohedron. 


Suppose that a face P(v) in v dimensions of a parallelohedron R also belongs to the parallelohedra 


Ri, Ro,...,R, of the set (R). Let (a;) be a point which is interior to the face P(v). One can determine a 
positive value of the parameter ¢ in such a manner that all the point of the parallelepiped K defined by the 
equalities 

Li =a;i+ui where jul|<e (¢=1,2,...,n) 
belong to the parallelohedra R, Ri, Ro,...,R,. 

Designate by [iz] the vectors the length of which one will carry out the translations of parallelohedra R,z 
into R(k =1,2,...,7). 

By carrying out the translations of the face P(v) the length of vectors [Aix] (K = 1, 2,...,7), one obtains 
the new faces 

P'(v), P"(v), [-.., JP) 


of the parallelohedron R. 
Definition I. One will call congruent the faces of the parallelohedron R 


POE Vp ugPOW 


in v dimensions (v = 0,1,2,...,n—1). 
Theorem. The number of parallelohedra of the set (R) which are contiguous by the same face inv dimen- 
sions can not be less thann+1—v(v=0,1,2,...,n—1). 
Suppose that the face P(v) be determined within the parallelohedron R by the equation 
dor +) aire; = 0. (r =1,2,...,p) (1) 
Designate by Ri, Ro,...,R, the parallelohedra which are contiguous to R by the faces in n— 1 dimensions 


defined by the equations (1). The face P(v) will belong to all the parallelohedra Ri, Ro,...,R,, therefore 
TO. 
As the face P(v) is in v dimensions, it is necessary that 
w2n—y, 


and as a result 
TONn-v. 


Definition IE. One will call simple a face in v dimensions which belong to onlyn+1-—v parallelohedra of 
the set (R). 

Definition IT. One will call primitive a parallelohedron, all the faces in different dimensions of which are 
simple. 

The primitive parallelohedra possess many important properties which simplify the study. 

In the subsequent studies, one will study only the primitive parallelohedron and all the nonprimitive 
parallelohedra which can be considered as a boundary of primitive parallelohedra. 

I am inclined to think that each primitive parallelohedron can be considered in this point of view, but I 
have not been successful in demonstrating this. 


Section II _. 
Fundamental properties of primitive parallelohedra 


Definition of primitive parallelohedra. 


We have called in Number 16 “primitive parallelohedron” all parallelohedron, all the faces in different 
dimensions of which are simple. 

Theorem I. for a parallelohedron to be primitive it 1s necessary and sufficient that all the vertices be simple. 

The theorem stated is evident by virtue of the definition established. 

Theorem II. Two primitive parallelohedra belonging to the set (R) can be contiguous by only one face in 
n—1 dimensions. 
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Suppose that a face P(v) in v dimensions of a primitive parallelohedron R be determined with the aid of 
n—v equations 


dor + > aires = 0. (r= 1,2,...,n—v) (1) 


Designate by Ri, Ro,...,Rn—v the parallelohedra which are contiguous to the parallelohedron R by the 
faces in n — 1 dimensions defined by the aid of equations (1). The face P(v) will not belong to the parallelo- 
hedra Ri, Ro,...,Rn—v by virtue of the definition established, thus the theorem introduced is demonstrated. 

Edges of primitive parallelohedra of the set (R) 


Let (a;) be a vertex of the primitive parallelohedron R determined by n equations 
aon + D— ainai = 0. (k = 1,2,...,n) (1) 


Designate by Ri, Ro,..., Rn the parallelohedra contiguous to the parallelohedron R by the faces in n — 1 
dimensions determined with the help of equation (1). 

By virtue of the definition established, the vertex (a;) will not belong to the parallelohedra Ri, R2,..., Rn 
of the set (R). 


Determine n numbers Pix, Pox,..., Pre with the help of equations 
So air Pin = 0. (r=1,2,...,n;r #k3k =1,2,...,n) (2) 
The equations (2) do not define the number Piz, Pox,..., Pre to acommon factor. Attach to the equations 


(2) a condition 

So ainpin > 0 (k = 1,2,...,n) (3) 
and consider a vector g, determined with the help of equalities 

Li =aji+pirp where p > 0. 


By attributing to the parameter p positive values sufficiently small, one will determine, by (3), the points 
of the vector g;, belonging to R. By putting 
Qik = Aj + PikPk; 
one will determine a vertex (a;,) of the parallelohedron R adjacent to the vertex (a;) by an edge P;,(1) of 


the parallelohedron R (k = 1,2,...,n). One will characterise the edge P,(1) by the symbol [a;, ajx]. 
Observe that all the points of the edge P,(1) verifies n — 1 equations 


dor + Saini =0. (r=1,2,...,u4r4#k) 
It follows that the edge P;,(1) belongs to the parallelohedra 
R,Ri,...,Re-1, Reqi,...,;Rn (k =1,2,...,n) 


and by virtue of the definition established, does not belong to any other parallelohedron of the set (R). 
One concludes that the parallelohedra 
Ri, Ro,..., Ra 


are contiguous by an edge too. By designating this edge by Po(1), one will determine it with the symbol 
[a;, ai0] by putting 
Qin = A + Piopo- 
We have arrived at the following result: 


There exist n+ 1 edges of parallelohedra of the set (R), contiguous by one common vertex of these paral- 
lelohedra. 


Observe that n— 1 edges 
P,(1), sey Pr-1(1), Pe+i(1), see Px (1) (k = 1, 2, sey n) 


define a face in n — 1 dimensions which is common to the parallelohedra R and R, (k = 1,2,...,n). Two 
parallelohedra Ry and R;, (k = 1,2,...,n;h =1,2,...,n) are contiguous by a face in n—1 dimensions which 
is defined by n — 1 edges 

P,(1). (r=0,1,2,...,n;7 # kyr Zh) 


Canonical form of equations which define a vertex of a primitive parallelohedron. 


By conserving the previous notations, one can determine the vertex (a;) within the parallelohedron R 
with the help of equations 


ur(Qor + S > ainwi) =0, (k=1,2,...,n) (1) 
U1, U2,...,Un being positive arbitrary parameters. One will say that the equation 
—U (dor + Sainz) =0 where uz >0 


does not define within the parallelohedron R a face in n — 1 dimensions because the inequality 


—ur (aor + S> ainxi) > 0 
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will not satisfy all the points of the parallelohedron R. 
Theorem. One can determine the positive values of parameters U1, U2,...,Un to a common factor, such 
that by putting 


Uy / : 
Qok = UkG0k, jp = UkAin, (6 = 1,2,...,n;k =1,2,...,n) 


one will define the vertex (ai) within the parallelohedron R by the equations 
S| aig (es — a4) = 0, (k= 1,2,...,n) (2) 


and one will define the vertex (a;) within the parallelohedron Ry (k =1,2,...,n) by the equations 


So (ain _ Ain) (wi — ai) = 0, (h rz 1,2, oes nh x k) 


(3) 
— So ain (wi —ai) =0. (k= 1,2,...,n) 
Take an arbitrary positive parameter 6 and determine the parameters wi, u2,...,Un after the equations 
uz S~ dik (ai — aio) = 6. (k =1,2,...,n) (4) 


I argue that the values ui, u2,..., un obtained satisfy the conditions of the theory stated. 
To demonstrate this, observe in the first place that the equations (4) define the positive values of 
U1, U2,...,Un. In effect, we have seen in Number 18 that the edge Po(1) defined by the equalities 


x; =a+u(ajo —a;) where 0<u<l (5) 


does not belong to the parallelohedra Ri, Ro,..., Rn. One concludes that by attributing to the parameter 
u any negative values sufficiently small, one will determine by the equality (5) a point which will be interior 
to the parallelohedron R. It follows that 


So ain (ai —aio)>0, (k=1,2,...,n) 


and the equations (4) give 
ur >0. (k=1,2,...,n) 


This established, designate by 
>> af? (wi — a) = 0 (r= 1,2,..., 0) (6) 


the equations which define the vertex (a;) in the parallelohedron R, (k = 1, 2,...,n) 
Observe that n edges P,(1) (r = 0,1,2,...,n,r #4) are contiguous by the vertex (a;) in the parallelohe- 
dron Ry. Each equation (6) will be verified by n — 1 edges. One can thus put 


J S > aff (air — a4) = 0, (r= 1,2,...,n7r #k) 


(7) 
l Soak? (aio —aj)>0 
and 
aa (az, — a4) = 0, (r=0,1,2,...,.nr4#k,r Fh) 
8 
S > aff (aun — a4) > 0. (h=1,2,...,n;h#k) (8) 


The conditions established define the coefficients of equations (6) to a common positive factor, which can 
be arbitrarily chosen. 

Observe that the coefficients of equations (1), which define the vertex (a;) in the parallelohedron R are 
also determined to a common positive factor and satisfy the conditions 


So ait (air —aji)=0, (r= 1,2,...,urAkk =1,2,...,n) 
So ain (cuz —aj;)>0 
The equalities (4), (7), (8) and (9), one takes 


(9) 


te @=1,2,...,.nh=1,2,...,.n;kR#k) 
a3, = On(Uaain — URAik), 


where 61, 62,...,6n are positive factors. One can put 
Op 1ds = a Sy 


and the equations (6) become 
So (unain — Undik) (ai — 4) = 0, (R=1,2,...,n;h Fk) 
- So unain (ai —aj) =0. 
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The theorem introduced is thus demonstrated. ‘ : 
One will say that the equations (2) and (3) which define the vertex (a;) in the contiguous parallelohedron 


R, Ri,..., Rn are presented in the canonical form. 

We have seen in Number 18 that the parallelohedra Ry, and R,(k = 1,2,...,n;h = 1,2,...,n) are 
contiguous by a face in n—1 dimensions. As this face is characterised by the edges P,.(1) (r = 0,1, 2,...,n,7r 4 
k;r #h), one will determine it in the parallelohedron R;, by the canonical equation 


So (ix — ain) (as — a) = 0. 
Canonical form of inequalities which define a positive parallelohedron. 


Suppose that a primitive parallelohedron R is determined with the help of independent inequalities 


aok + D> ainai > 0. (k =1,2,...,0) 


Bu designating with wi, u2,..., Uc of arbitrary positive parameters, one will determine the parallelohedron 
R with the help of independent inequalities 
ur(aoe +S ainai) > 0. (k =1,2,...,¢0) (1) 


We will see how all the problem of the study of primitive parallelohedra comes down to the appropriate 
choice of parameters wi, U2, ...,Uc- 

Fundamental Theorem. One can determine the positive values of parameters U1, U2,...,Uc to a common 
factor, such that by putting 


I t . 
Gon = UkA0k, jp — UkAin, ((=1,2,...,n;k =1,2,...,0) 


one will determine the parallelohedron R with the help of inequalities 
aon + > aigei > 0 (k =1,2,...,0) (2) 


which enjoy the following property: all the vertices of the parallelohedron R will be determined by the equations 
presented in the canonical form. 

One will call the inequalities (2) canonical. 

By conserving the previous notations, suppose that one had chosen the parameters ui, u2,...,Un in such 
a manner that the vertex (a;) is determined by the canonical equations 


ox +o aig =0. (k=1,2,...,n) 
Examine the equations which define a vertex (ain) (k = 1,2,...,n) of the parallelohedron R adjacent to 


the vertex (a;) by the edge P;,(1). 
The vertex (a;x) satisfies n — 1 equations 


don + D> ajnwi = 0. (h=1,2,...,n;h#k) (3) 
Designate by 
bor + So binwi =0 (4) 
the n** equation which defines the vertex (aiz). 
Determine the positive parameters vp, (h = 1,2,...,n,h # k) and vz corresponding to the equations (3) 


and (4), which reduces to these equations in the canonical form: 


vn (aon + >_ ainsi) =0 (h=1,2,...,.n;hF#k) 


and 
up (bor a S> bin di) = 0. 
I argue that one can put 
i=l. (R=1,2,...,n;hF#k) 


To demonstrate this, examine the canonical equation which defines in the parallelohedron Rp, (h = 
1,2,...,n;h #k) a face in n — 1 dimensions common to the parallelohedra R, and Rp (r = 1,2,...,n,7 4 
h,r #,k). 


By virtue of the theorem of Number 19, this face will be determined within R, by the canonical equation 


xc — ain) (ei — a4) = 0. 


Besides, this same face will be determined in Rp, by virtue of the supposition made, by the canonical 
equation 


So (vrai, — Unasn)(2i — a4) = 0. 


It results in that j : P ; 
UrQin — UnAin = O(Ajp —Qjn), (i =1,2,...,7) 
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and so 
Vp = 6,Un = 0, 


thus 
Ur =n. (r=1,2,...,n;,r #kjr Fh) 


As the parameters vp (h = 1,2,...,n) are defined to a factor, one can put 
w=1, (h=1,2,...,4hF#k) 


and it only remains to determine the parameter vz in order to define the vertex (a;,) by the canonical 
equations. 


By applying the procedure explained to all the vertices of the parallelohedron R adjacent to the vertex 
(ai) and so on, one will successively determine the values of various parameters corresponding to all the 
inequalities (1). 

It can turn out that one determines for one inequality the value of the corresponding parameter in various 
manners. I argue that all these values of the same parameter coincide. 

The problem posed is extremely difficult. It is within this group of studies explained that is manifested 
their true geometrical characteristic, and one does not manage to master the difficulties which arise as a 
result with the help of geometrical methods. 

Set of simplezes corresponding to the various vertices of a primitive parallelohedron. 


We have seen in Number 4 that the various vertices of a parallelohedron R (aj1), (ai2),-.-, (ais) correspond 
to the domains 
Ay; Ages sy Ae (1) 


which uniformly fill the space in n dimensions. 

By conserving the previous notations, examine a domain A which corresponds to the vertex (a;) of the 
parallelohedron R. 

The domain A is composed of points determined by the equalities 


n 
“i= S> praik where px > 0. (kK =1,2,...,n) (2) 
k=1 
The domain A possesses n faces in n — 1 dimensions which correspond to n edges Px(1), (kK = 1,2,...,7) 


contiguous by the vertex (a;). 
One will call the domain A simple. 
Extract from the domain A a simplex L by the solution with the help of equalities 


uy S > deurait where Soo <1 and J, >0. (kK=1,2,...,n) 
k=1 


The simplex L possesses n + 1 faces in n — 1 dimensions which are opposite to n+ 1 vertices 
(0), (wigs), (u2ai2),---,(Unain), 


Examine the face of the simplex L which is opposite to the vertex (0). One can present the equation 
which defines this face in the form 
1—Sopiws=0. () 


1-5 > pias > 0 


for any point of L which does not belong to the face examined. 
As the vertices of L: (urgaiz)(k = 1, 2,...,n) satisfy the equation (3), one has 


S > piair = ak (k =1,2,...,n) (4) 
Uk 


It follows that one will have an inequality 


thus 
So piaix >0. (K=1,2,...,n). 


By virtue of (2), one obtains the inequality 


Se piv >0 


which holds for any point (#;) of the domain A, the vertex (0) being excluded. 
Examine in the same manner n domains Ai, A2,..., An which are contiguous to the domain A by faces 


in n — 1 dimensions. 
One will take from the simple domain A,za, (k = 1,2,...,n) defined by the equalities 


i = > prain + prbix where px >0 and pp > 0, (h=1,2,...,n;h 4k) 
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a simplex L, composed of points 


Li = S- Snunain +0,Upb;4, where Soon +9, 51,0, > 0,0, >0 


(h=1,2,...,n;h#k) 
Designate by 


lee So pina =0 


the equation of the face of the simplex Ly, which is opposite to the vertex (0). 
One will have the equalities 


So pinain = = (h =1,2,...,n;h #k) 
Ub 


1 
S pinbin i 


and 


By virtue of equalities (4), one obtains 


SY pinain =D piain. (h=1,2,..., 5h £ k) 


So pina = S pisi, (5) 


for any point (z;) belonging to the face common to domains A and Ax. 

By applying the procedure explained to the domains which are contiguous to the domains Ai, A2,..., An 
and so on, one will extract from any domain of the set (1) a corresponding simplex. 

It can turn out that one extracts from the same domain the corresponding simplex by various manners. 
I argue that all these simplexes coincide. 

It is clear that the problem stated does not differ from a formulation of the problem put forward in Number 


It follows that 


alg 
We shall show a new formulation of this problem. 
On a function defined by the set of simplezes corresponding to the various vertices of a primitive paral- 


i lelohedron. 
Introduce within our study a function P(#1,#2,...,%n) of variables 21, 2%2,...,%n by defining as follows. 
1. One will determine the function P(#1,#2,...,%n) in the domain A by the formula 
n 
Pra) (#1, £2,-.+;%n) = So pizi. 
i=1 
2. In the domains A; (k = 1,2,...,n) contiguous to the domain A by the faces in n — 1 dimensions, one 
will determine the function P(#1, #2,...,%n) by the formula 
n 
Pra,) (£1, €2,.-.,0n) = So Pini. (k = 1,2,...,n) 
i=l 
Let 


A, A AY cg AM (1) 


be a series of domains which are successively contiguous by the faces in n—1 dimensions. One will successively 
take from these domains the following simplexes. 


FOR SG POS Chie, 


and one will determine the corresponding function. 


n n n n 
ect, Np palace! Ny ag higns (m) 
Piri, DjXi, Dj Vise +s dD; Xi. 

i=l i=l i=1 i=1 


One will define the function P(#1,%2,...,%n) in the domains (1) by the formula 


n 
Po acs) (€1, £2, +++, n) = So pei. (k =1,2,...,m) 
i=1 


Fundamental Theorem. The function P(x, 22,...,%n) defined by the conditions 1, 2, and 3 is continuous 
and uniform in all the space in n dimensions. 

Observe that the fundamental introduced only give as a new formulation of the fundamental theorem of 
Number 20. 

Take an arbitrary closed contour C. By traversing the contour C’, one can determine a series of domains 
successively contiguous by faces in n — 1 dimensions in which belong the points of the contour C: 


AOA A AM AO A cas 
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To demonstrate this, take a point (0) of the contour C and designate by Co a curve which is being 
traversed within a domain A leaving from the initial point (€jo). Suppose that the curve Co does not 
coincide with the contour C and designate by (£;1) the final point of the curve Co. 

Suppose that on leaving the point (€;) one got out of the domain A® and that one entered inside the 
domain A’. Designate by Ci a group of contour C which one has traversed in the domain A’ when leaving 
the point (€1) and so on and so forth. Suppose that one had divided with the help of the procedure described 
the contour C into groups 

Co, C1, mg -;Cm, Co 
which belong to the domains 
AO MA A AG (2) 


It can turn out that two adjacent domains of this series A‘) and A“+” are not contiguous by a face 


in n — 1 dimensions. One inserts in this case between the domains A“) and A+” new domains of the 
solutions as follows: . ; ; ae . 
A point (€:,441) which is the final point of the curve C, and which gives the initial point of the curve 


Cr+1 belongs, by virtue of the supposition made, to the domains A“) and A‘*+1), One concludes that the 
point (€;,441) is interior to a face A“)(v) in v dimensions which is common to the domains A“ and A@+), 
One can determine a parallelepiped K with the help of equalities 


Li = Eijn4i tus where |ui|<e, (¢=1,2,...,n) 
of manner such that the points of the parallelepiped D do not belong to the domains of the series (1) 
(Number 22) which are contiguous by the face A“)(v). 
Take with the parallelepiped K two points («;,) and 2;,441 which ae interior to the domain A“ and 
A“**» and take within the parallelepiped K a curve C‘) which joins the points (a;,) and (ai,441). One 
can choose this curve in such a manner that it does not pass beyond any face of domains (1) (Number 22) 


of which the number of dimension s is less than n — 1. 
Suppose that the curve C“) traverse the domain 


k k k k 
AMO ALS occ AO AED, 


By virtue of the supposition made, the domains obtained are successively contiguous by the faces in n— 1 
dimensions. All these domains are contiguous pairwisely by the face A“ (v). 
In the same manner, one will examine all the pairs of adjacent domains of the series (2) and one will form 
the series 
AO AN... AM, AO 


of domains successively contiguous by the faces in n — 1 dimensions to which belong all the points of the 
closed contour C' given. 
25 
This established, observe that the fundamental theorem introduced is true in the case where all the 


domains (2) are contiguous in at least one edge. 
In effect, suppose that one had successively taken away from the domains (2) the simplexes 
EOL E622, LOO Eery (3) 


I argue that the simplex L(+” taken from the domain A) coincide with the simplex L®). To demon- 
strate this, designate by 

Tae sD es 

By virtue of the supposition made, the domains (2) are contiguous by at least one edge. Let (a;) bea 


point of this edge. 
As the domains A and A’ are contiguous by a face in n — 1 dimensions, one will have, as we have seen 


this in Number 23, an equality 
So px = So pivi (5) 


which holds for any point (a;) of thee face common to the domains A® and A’. 


By making x; = a;, one obtains 
So pai = pias 
In the same manner, one will obtain 


Sop ai = So piai = ee pn — Spay. 


On the other hand, the identity (4) gives 


Soa = 5 wt a,, 


and as pO ai > 0, then 6 = 1, therefore 


Temas = Tope 
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and the two simplexes L® and L‘"+ coincide. 


By virtue of the definition established, one will determine the function P(a1,...,2n) in the domain A 
by the formula 
Pao) (1, £2, ee) S- pi0)xi 
by leaving the domain A and by returning to within that domain after having traversed the path C. 


We will see that the general case can be brought back to the case examined. To this effect, suppose the 
projection of any one contour C evaluated in relation to surface S is determined by the equation 


By putting 
= —=, (i=1,2,...,n) (6) 


one will call the point (x) the projection of the point (x;) within the surface S. 

Designate by C’ a projection of this contour C. 

Suppose that by traversing the contour C’, one returns to the initial point (¢;) with the same solution of the 
function P(a1,...,%n) of which when leaving that point. I argue that one will return to the corresponding 
point €; of the contour C' with the same solution of the function P(r1,...,2n). 

To demonstrate this, it suffices to observe that the points (¢;) and (£/), by virtue of equalities (6), belong 
to the same domains of the series (2). 

One concludes that it suffices to examine the different closed contours belonging to the surface S. 


Introduce in our study a function d(x;, x) being defined by the formula 


d(ai,24) = (Dea. 


One will call distance between two points (z;) and (x) the corresponding value of the function d(x;, r/). 

Lemma. One can determine a positive parameter 6 satisfying the following condition: every closed contour 
C belonging to the surface S will be situated in the domains which are contiguous by at least one edge, if the 
distance of all the point of the contour C, each of all to the rest, do not exceed the limit 6. 

Let (&;) be a point of the contour C belonging to the domain A. Put 


n 
& = Se peai where pp >0. (kK =1,2,...,n) 
k=1 
By virtue of the equation 


SoG =1, 


the sum }7/_, px is not less than a positive fixed limit. 


SS px >T. (7) 
k=1 


Suppose that the contour C is not situated entirely within the domain A. 
Let (€;) be a point of C which does not belong to the domain A. By putting 


n 
= >> prain, (8) 
k=1 
one will have among the numbers p, p2,..., ph, at least one negtive number. 
Suppose, to fix an ideas, that 
Pi 20,92 >0,..-, py 20 (9) 
and that 
Putt <0; peo <0). 2.9 p, <0: (10) 
After the supposition made, one has the inequality 
d(Ei, &) > 4. 


One can choose the parameter 6, of such a manner that one had the inequalities 
Pe — Prl <6 (k= 1,2,...,n) (11) 


e being a positive parameter also small as one would wish. 
By (10), one obtains 


0 < pr<e,—e< py <0. (K=ptiljp42,...,n) (12) 
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Choose among the numbers 1, p2,..., Pn the one which is the largest. By virtue of the inequality (7), 


pa 


this number can not be less than 7. By supposing that 


Ee< ie 
n 
one will find the number looked for among the numbers p1, p2,..., py. Suppose, to fix the ideas, that 
T 
pi > Pe 
the inequality (11) gives a 
/ 
pi > at oe (13) 
This posed, suppose that the point (¢}) belonged to the domain A’ and put 
n 
= SO unix where uz > 0. (k =1,2,...,7) (14) 
k=1 


Designate by (a;) and aj two vertices of the parallelohedron R corresponding to domains A and A’ by 
defining them by the equations 


aon +S) ainwi =0, (k=1,2,...,n) 


and by the equations 
doz + > ajnai = 0. (6 = 1,2,...,7) (15) 


By virtue of equality (8) and (14), one obtains an identity 


n n 
po + So Pe (aox =f; a Qin) = s Ur (on + S) ain @i). (16) 
k=1 k=1 
By making in this identity x, = a;, one finds 


Po = So ue (20% + S > ona) > 0. (17) 


By making in the identity (16) x; = aj, it will become 
n 
po + So Pe (aor + S> ainay) = 0. (18) 
k=1 


Suppose that 
ao1 + Se aia’ > 0. 
By virtue of (7), (12), (13) and (17), one will have 


Lb 
es 
Po Te S> pe (aoe Fe Saino) > C — €)(a@o1 + S- airai), 
k=1 


n 


nm 
S- Pe (Gon + Saino) >—€ ye (aor + S > aixai), 


k=p+1 k=p+1 


and the equality (18) gives 


n 
- 
77 (202 + S> aia’) <€ |ao1 + Se aia’ + S- (aor + S > aina’s) . (19) 


k=p+1 


Designate 


n 
ie 
A= 77 (ao + rc) and B= agi + So aia; + a (aor + Saint), 


k=p+1 


one will have 
A>0O and B>0O, 


and as a result 


A 
=. 2 
£9 (20) 


One could determine the ratio 4 correspondent to the different vertices of the parallelohedron R. Designate 
by w the smallest of these ratios which is not zero. The parameter ¢ being arbitrary, one can suppose that 


e<w. 
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The inequality (20) becomes impossible, it is therefore necessary that A = 0 or [to put it] differently 


/ 
aoi + ayia; = 0. 


By virtue of the equality obtained, the coefficients of the equation 


ao1 + So aia =0 


are proportional to those of an equation which is among the equations (15). 
By putting 


aoi + So aia = u(aon + Sainz) where u > 0, 


one will have 
a1 = ua. (6=1,2,...,n) 
We have arrived at the following result: all the domain traversed by the contour C examined are contiguous 
by at least one edge which is characterised by the point (ai1). 


We are now in the state of reaching the demonstration of the fundamental theorem announced. 

Let C be any contour belonging to the surface S. Suppose that on leaving the point (€;) one passes via 
the points (EC): (€;), (€) and one returns to the point (€;). 

The path around the contour C can be replaced by the paths C® and C’. 

The contour C) will be composed of a group (€;) — (€0) of C, of the vector [as {| and of a group 
(€0°) — (&) — (&/) of the contour C and of the vector [€/, em, 

Suppose that by traversing the paths C® and C’ one uniformly defined the function P(a1, 2,..., xn). 
In this case the trajectory by the group (e ) — (€)) of the contour C can be replace by the path the length 
of the vector (e's i]. 

By replacing the group (E ) -— (&) — (&/) of the contour C by the vector [eo 7), one will transform 
the contour C to C©, thus, by traversing the contour C, one will return to the point (€;), by virtue of 
suppositions made, with the same solution of the function P(x1,22,...,2n). 


Two contours C and C’ can be examined in the same manner and so on. 
Suppose that one had determined the contours 


CiOo ie (21) 


which replace the path C. By supposing that the function P(#1, #2, ...,%n) be uniform the length of contour 
(21), one will demonstrate that it will be uniform the length of the contour C' given. 

This established, observe that we can always choose the contours (21), of such a manner that their contours 
satisfy the conditions of the lemma of the previous Number. In this case, any contour (21) will be situated 
within domains which are contiguous by at least one edge. We have seen in Number 25 that by traversing 
the same contours one will always return to the point of departure by the same solution of the function 
P(x1,22,...,2n) as while leaving this point. It is thus demonstrated that any closed contour C possesses 
the same property. 

We have demonstrated that the function P(x1,%2,...,2n) is uniformly defined in any domain of the set 
(1) (Number 22). It remains to demonstrate that the function P(x1,22,...,£n) is well defined in any point 
of the space in n dimensions. 

Suppose that a point €; belongs to two domains A and A, 

I argue that the function P(x1, r2,...,#n) for the point €; will have one same value in the domain A and 


in the domain A. . 
To demonstrate this, one will form a series of domains 


A, A’,..., A%™, A 


which are successively contiguous by faces in n — 1 dimensions and in which belongs the point €;. 
As the point €; belongs to the face common to domains A and A’, one will have ,by virtue of the formula 
(5) of Number 23, 


Pray (€1, €2;-- +n) = Pear (€1, €2,---, €n)- 


In the same manner, one obtains 


Pray (E1, €25-- + &n) = Pray (E1, €2,-- +, €n); 


Pratm) (81; €2; -» + &n) = Pe acoyy (Er, €2; - +. &n). 


It results in that 
Pray (61; &2,- ++) &n) = Praiony (Er, €2; --- En). 


The fundamental theorem announced is thus demonstrated. 
Canonical form of inequalities which define the set (R) of primitive parallelohedron S. 


Ph.D. Thesis, UMIST. K N Tiyapan. Appendix F: Translation 


Choose within the set (R) of primitive parallelohedra any parallelohedron Ro . Suppose that the paral- 
lelohedron Ro is determined with the help of canonical inequalities 


Qok +0 ainai >0. (k=1,2,...,¢) 
Observe that we can replace these inequalities by the following canonical inequalities: 
u(aok + S > aieai) >0, (k=1,2,...,0) 
u being a positive arbitrary parameter. 


Designate by Ry (k = 1,2,...,0) the parallelohedron which is contiguous to the parallelohedron Ro by 
the face determined within Ro by the equation 


Qok + So ana =0 (1) 


and suppose that the vector [A;,] defined a translation of the parallelohedron Ry to Ro. 
It follows that the parallelohedron R; will be determined by the canonical inequalities 


@on + So ain (as +r) >0, (R=1,2,...,0) 
or by the canonical inequalities 
urlaon + 5 > ain (wi + Ask)] 20, (A= 1,2,.-.,0) (2) 
ux being an arbitrary positive parameter. 
The face Py in n—1 dimensions common to the parallelohedra R and R, is defined in the parallelohedron 


Ro by the equation (1). Within the parallelohedron R,;, the face P, will be determined by an equation in 
which the coefficients are proportional to those of the equation 


—Qo0k — ) AiRLi = 0. 


One can choose the positive parameter u;, of a manner such that one had the identity 


—aok — So ina = ur (aon + So ain (ai + Aik)). 


—Qok — So ainei > 0 


is found among the inequalities (2) which define the parallelohedron Rx. 
One will say that these inequalities are represented in the canonical form. 


In this case, the inequality 


30 
Observe an important property of canonical inequalities which define the parallelohedra Ro, Ri, R2,..., Ro. 
Let (a;) be a vertex of the parallelohedron Ro determined by the canonical equations 
aon +) ainai = 0. (k = 1,2,...,n) (3) 
Examine the canonical equations which define the vertex (a;) in the parallelohedron R; (k = 1,2,...,n). 


The equations (3) being canonical, one will determine the vertex (a;) within the parallelohedron R;, by 
virtue of the theorem of Number 19, by the equation 


So (ain — din)(ti-—i) =0, (h=1,2,...,n,R#k) 
—S5 aiz(vi — ax) = 0 (k= 1,2,...,n) 


By virtue of the supposition made, the inequality 


a So ain(ai —a;) >0 


exists among the canonical inequalities (2) which define the parallelohedron Rx, which results in that the 
inequalities 


YS (ain — ain)(@s — 4) 0, (h=1,2,...,n,h #h) 


also exist among the canonical inequalities (2). 
One concludes that the canonical equation 


SC(ain — ain)(a; — a4) = 0 


define in the parallelohedron R; a face in n — 1 dimensions which is common to the parallelohedra R; and 
R;,. the same face will be determined in the parallelohedron R;, by a canonical equation 


So (@ie — ain)(wi — a4) = 0. 
31 
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by applying the procedure explained, one can determine the canonical inequalities which define the par- 
allelohedra contiguous to the parallelohedra Ri, R2,...,R, and so on. 
For every parallelohedron R of the set (R), one can form a series of parallelohedra 


Ro, R', R", ue gH eR 


which are successively contiguous. One will determine successively the canonical inequalities that define the 
parallelohedra of this series. 

One could arrive at the parallelohedron R by other ways and determine the canonical inequalities which 
define the parallelohedron R in various manners. 

We shall se that the canonical inequalities which define a parallelohedron of the set (R) do not depend on 
the path by which one arrives at the parallelohedron (R) leaving from the principal parallelohedron Ro. 

Generatriz function of the set (R) of primitive parallelohedra. 


Consider a set (R) of primitive parallelohedra. Suppose any parallelohedron R of the set (R) be char- 
acterised by a vector [A;] which defines a translation of parallelohedra R to a principal parallelohedron 
Ro. 

Designate by G the group of vectors [\;] which correspond to the different parallelohedra of the set (R). 

Introduce in our study a function 


V (a1, 22, aye +5 En; A1, A2, +. +5An) 


of variables 41, 22,...,%» and parameters \1, A2,...,An by defining it within the space in n dimensions and 
for the group G such that: 
1. Within the principal parallelohedron Ro, one will write 


V(a1,@2,...,%n,0,0,...,0,) =0. 
2. Within the parallelohedron R, which is contiguous to Ro, one will write 
V (a1, &2, ween; Atk, ALk; : .+;Ank = Aor + So anni, (k S152) 7.5 0) 


providing that in the parallelohedron Ro the canonical equation 


Qok + So eines =0 


had the face in n — 1 dimensions common to the parallelohedra Ro and Rx. 
3. By supposing that the parallelohedra R and R’ characterised by the vectors [A;] and A; are contiguous 
by a face in n — 1 dimensions which is defined within R by a canonical equation 


ao + So aia = 0, 


a 1 
V (01, 02,...,2n,A1, 3 ee 


V (01, ©2,..-,2n,A1, A2,---;An) tao+ Sais. 


one will write 


Let R be any parallelohedron of the set (R) characterised by a vector [\;]. One will form a series of 
parallelohedra. 


Ro, F’, SAIS, RE 
which are successively contiguous by faces in n — 1 dimensions. Designate by 


a” + an; =0 


the equation of the faces common to the parallelohedra Ro and R’ and defined in Ro; designate by 


Ul I 
ao + ajr; =0 


the equaion of the face common to the parallelohedra R’ and R” defined in R’ and so on. 
By applying the definition established, one will determine the function 


V (a1, 22, . +5 2n,A1, A2, +. +5An) 


by the formula 


n 
V (a1, 2,..-,2n,A1, A2,---,;An) = So (as? + Sal ai): 
k=0 


Fundamental theorem. The function V(x1,£2,..-,2%n,A1,A2,---, An) ts well defined for any vector [Ai] of 
the group G. 
Suppose that one had formed a series of parallelohedra 


Rieke dee (1) 


which are successively contiguous. On leaving the parallelohedron R with any solution of the function 
V (01, %2,...,;%n,A1,A2,-.-,An), one will return inside the parallelohedron R after having traversed the 
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parallelohedra (1) with a solution of the function V(a1, %2,...,%n,A1,A2, -.-,An) which, by virtue of the 
definition established, is expressed by the vertex 


n 
V (21, €2,..-,2n;A1,A2,---;An) + So (as? + So af ai). 
k=0 


We shall demonstrate that one will always have 


n 
Sal? + Tan =0 
k=0 


Examine, in the first place, the case where all the parallelohedra (1) are contiguous by at least one vertex 
(a;). By virtue of Theorem II of Number 17, all the primitive parallelohedra (1) will be in this case contiguous 
one to one through faces in n — 1 dimensions. 

Designate by 


aon +) aie (as — a) = 0, (k = 1,2,...,m) 
the canonical equation of the face common to the parallelohedra R“) and R(k = 1,2,...,m) defined within 
the parallelohedron R. 


We have seen in Number 30 that the canonical equation of the face common to the parallelohedra R’ and 
R" and defined within R’ will be 
Di (aia — ain)(@i — a) = 0 


and so on and so forth. One obtains the formulae 


a + oes = So ais(wi — ai), 
ao + Se aia = SV (ai2 — a1) (xi — a4), 


ag) ae es = So (aim — Gijm—1)(%i — a4), 
a + Sal a, =— So im (ai — ai), 


m 


So (ai? + So al2:) =0. 


k=0 


and it follows that 


We shall see that the general case can be brought back to the case examined. 

Theorem. One can determine a positive parameter 6, in a manner that every closed contour C is found 
within the parallelohedra which are contiguous by at least one verter, providing that the distance between any 
two points of the contour C does not exceed the limit 6. 

Observe, in the first place, that the distance between the points (€;) and (€;) belonging to the two 
parallelohedra which are not contiguous can not be less than a fixed limit. To demonstrate this, suppose 
that the point (€) belong to the parallelohedron R defined with the help of inequalities 


Qok + >> swans >0. (k=1,2,...,0¢) 
Designate by Ri, Ro,...,R, the parallelohedra which are contiguous to R and examine the set K of points 


belonging to the parallelohedra Ri, Ro,..., Ro. 
Designate by 


(aa), (ai2), Peg (ais) 
the vertices of parallelohedron R and designate by 


h h h 
(a), (o®),...,(a®),  (h=1,2,...,0) 


the vertices of parallelohedron R;, (h = 1,2,...,¢). 
By virtue of the supposition made, one will have the inequalities 


aon + > ainagy’ <0, (k= 1,2,...,8;h =1,2,...,0). 
Designate by p the smallest numerical value of vertices 
aon + Saino? (kK =1,2,...,8;h =1,2,...,0) 
which does not become zero. By virtue of supposition made, one will have the inequality 
pPp+4@on + So ainaly <0, 


on condition that 
don + So ainagy? <0, 
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where (k = 1,2,...,8,R=1,2,...,¢). 
This established, take any point (€/) which does not belong to the set K. Examine the points of a vector 
[fi, &]. By putting 
ai = &;+ u(€;-&) where 0<u<1, 


let us think the parameter u of a continuous manner within the interval 0 < u < 1. One will determine a 
point 


60 = & + uo(E)—&) where 0 <u <1 (2) 


which belongs to the boundary of the set K, that is to say to a face in n — 1 dimensions of parallelohedra 
Ri, Ro,...,R, and which also belongs to another parallelohedron R’. 


Suppose that the point GEO) belongs to the parallelohedron Rp. The parallelohedra Rp and R’ will be 
contiguous by a face in n — 1 dimensions. 


Designate by 
h h h 
(af), (a), ..., (af?) (3) 


the vertices of parallelohedron Rp, which belong to this face. 
None of these vertices verifies the equation 


Qon + So ainxi =0 


because otherwise the face examined would belong to two parallelohedron of the series R, Ri,..., Ro, which 
is contrary to the hypothesis. 
Therefore one will have the inequalities 


P+ Qon +> analy <0. (K=1,2,...,#) 


The point ee ) belonging to the face of R;,, which is characterised by the vertices (3), probably determined 
by the equations 


k=t k=t 
G9 = So dal? where J > 9, =1 and J, > 0.(k =1,2,...,t) 
k=1 k=1 


Of the previous inequalities, one draws 


p+aQon + y, aing” <0. 


By observing that on the other hand one has 


aon + So ainéi > 0, (4) 
one finds, by (2), 
P+ aon + So ing <0. (5) 


By virtue of inequalities (4) and (5), the distance d(€;, €;) can not be smaller than a fixed limit d. 
Solution of the centre of the primitive parallelohedra 
36 
This established, examine a contour C formed which the points had the mutual distance that does not 
surpass 6 . By supposing that 
6 <d, 


one will have a contour C which is situated within the contiguous parallelohedra two to two. [one to one] 
Let €; be any point of the contour C' belonging to the parallelohedron R. Suppose that not all the points 
of contour C belong to R and designate by £; a point of contour C which does not belong to R. Put 


& = SPxaik where Soo =1 and 0, > 0, (k=1,2,...,8) (6) 
k=1 
G& => Paix where J° IH =1 (7) 
k=1 
As the point (€;) does not belong to R, one will have among the numbers 0, 02, ..., 9, at least one number 


which will be negative. Suppose, to fix the ideas, that 
0, >0,...,9,, >0 and Ji41 <0,...,0, <0 (8) 
One can choose the parameter 6 as small that one would have the inequalities 
9, —Ve|<e, (k=1,2,...,8) (9) 
e being a positive parameter also as small as one would like. By virtue of (8), it will become 


0< 0, <€,-€< 0, <0. (K=p+1,...,s) (10) 
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Observe how the largest one among the numbers 01,¥2,...,0; can not be smaller than + by (6) by 
supposing that 
1 
ex; 
8 
one wil find the required number among the number ¥1, J2,...,0, . Suppose, for fixing ideas, that 
1 
w>-. 
8 
By virtue of (9), it will become 
1 
v, >. (11) 
8 


We have demonstrated that the point (€;) can not belong to these parallelohedra Ri, Ro,..., Ro which 


are contiguous to R. By supposing that the point (€;) belong to the parallelohedron R,,, one will have an 
equality 


aon + > dink; < 0 (12) 
Observing that by virtue of equations (7) 


Gon + So oink = Soi (aon + S- ainak); 
k=1 
one obtains, because of (12), 


Soi(aon + So aincin) <0 
k=1 


Of this inequality one draws, by (10) and (11), 


1 s 
3 (on se QinQi1) — € | Gon S- QinQia + S- (aon + S- QinQin)| <0. 


k=p+1 


By putting 


8 
1 
A= 3 (aon S> eines) and B= aon + So eines + SS (aon + So ainain), 


k=p+1 
suppose that A > 0; the previous inequality gives B > 0, thus 
A 
al 13 
€> B (13) 
Observe that the numbers A and B do not change when one replace the parallelohedron by any parallelo- 


hedron of the set (R). One concludes that the ratio 4 which does not vanish possess a positive minimum 


Ww. 
By supposing that 
é€<w, 


the inequality (13) becomes impossible and it is necessary that A = 0 or otherwise 
Gon + ye ajnai = 0 


We have arrived at the following result: all the parallelohedra within which is situated the contour 
examined C' are contiguous by the vertex (aj1). 

With the help of the lemma of Number 35, one will easily demonstrate the fundamental theorem stated 
by repeating the reasoning explained in Number 28. 


Fundamental properties of the generatriz function V(@1,@2,...,; @n,A1,A2,---;An) 
37 


Theorem I. Suppose that two vectors [ri] and [x] characterise two parallelohedra R and R® of the set 
(R). One will have an inequality 


Vigan we i eet av (1,29,..-,20 90,99, aXe?) 


on condition that the point (ai) be interior to the parallelohedron R©. 
Let(€(”) be any point which is interior to the parallelohedron R. 


Take a point (€;) which is interior to the parallelohedron R and examine a vector [fe ,€;] determined by 
the equations 


Li= eo + ul(& — 6) where 0<u<1. 


A group of the vector [e" ,€;] belong to the parallelohedron R°. Designate, 


é= ra + ur(& — £0) where 0<u<l1 
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and suppose that the vector feo, gj] represents the group of the vector [eo ,€:] which belong to R©. 

The second group [€j, €] of the vector [E , €;] does not possess any point (€;) common to the parallelohe- 
dron R©. The point (€/) belongs to a face p(v) of the parallelohedron R®. One will choose among the 
parallelohedra which are contiguous by the face p (v) a parallelohedron R’ which contains a group of the 


vector [&, &]. 
Designate 


é = & + ue(&i — £0) where ui <u <1 


and suppose that the vector [€;, €;] represents a group of the vector [€;, &;] which belongs to the parallelohe- 
dron R’ and so on. 
Let us suppose that one has determined m points of the vector [ef &] 


ef? = 0 + clés — @), (b= 1,2,.--.m) (1) 


where 
0 <1 <2 <-+:+<Um <1 (2) 


which correspond to the vectors [eo E515 (EE, EF], fe ,&] belonging to the parallelohedra 
RO R..., RTD LR 


successively contiguous. 
Designate by 


0 +TePevno, OL %m—D 


the canonical equation of the face common to the parallelohedra R“ and R“*+) which is defined within 
the parallelohedron R™). 
By virtue of the established definition in Number 32, one will have a formula 


ViGits. com th ASE (e1y3, 2: 00,92), A, 2,9?) (3) 


+r (af? + Eales) 


Examine the sum 
al) + ya e and al) + PG. (k = 0,1,2,...,m-—1) 
By virtue of the supposition made, the point eee ) verifies the equation 
al + Sr ale = 0 
As the point (€ ()) belongs to the parallelohedron R“™), one will have an inequality 
al + Frale® > 0. 
By virtue of (1) and (2), one obtains 
ae + yo ae >0 and a? + Sa & <0. (k =0,1,2,...,m-—1) 
As the point (€ ) is interior to the parallelohedron R, we will have 
a + Fa >0 and af + Fra <0, 


It results in that 


m-1 m1 
Sa + Fra) > 0 and $7 (al + Wraé) <0. 
k=0 k=0 


By substituting in the formula (3), one obtains 


v( 1, ee OE ine creer | > V( oO), awe Le ante eer) 


and 
V(Ei, 2, Sta En, M1; r2; LER y, An) < V(E1, £2, ines En) a AS paced x) : 

Theorem II. Suppose that the parallelohedra R, R',...,R-” be contiguous by a face p(v) inv dimen- 
sions. By designating by perl (k = 0,1,2,...,n—v) the vectors which characterise these parallelohedra, 
one will have an inequality 

V(a1, 22, ae +) @n,A1, 2; eG )An) > V (a1, 22, Dens Fro vee ae Beare Ay, 


on condition that the point (xi) be interior to a face p(v) and that the vector [Xj] is not among the vectors 
DM” ], (k =1,2,...,(n—v)). 
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By supposing that A; = xe, one will have the equation 


k) \(k 
V(@1,%2,... ,Bn, AS a rs ) necked ri*) = V(#1,4%2,...,2n; no), x, be aly: 
(k =1,2,...,(n—v)) 
One will easily demonstrate the announced Theorem II by repeating the reasonings which have been 
established previously. 
38 
The results obtained open a new way for the researches concerning the primitive parallelohedra. One can 


consider the set (R) of primitive parallelohedra under a new point of view, in knowing: 

Each parallelohedron R© of the set (R) characterised by the vector Beta presents a set of points (ai) ver- 
ifying the inequality V (ai, @2, ...,%n,A1,A2,---,;An) > V(#i, H2,..-, En, dO, r), aks pina for any vector 
[Ai] belonging to group G. 

We have seen in Number 32 that for the principal parallelohedron Ro of the set (R) one has 


V (wi, £2,...,2n,0,0,...,0) =0. 
It follows that the principal parallelohedron Ro is defined by the inequality 
V (wi, ©2,-.-,;Ln,A1,A2,--+;An) > 0 


which holds for any vector [A;] of group G. 
Solution of the quadratic function V (xi, £2,...,2n,A1, A2,---,An) 
39 
Suppose that the principal parallelohedron Ro is determined with the help of canonical inequalities 


Q0k +0 aiers 20. (kK=1,2,...,¢) 
Designate by [Aix] the vector which defines a translation of the parallelohedron R; to Ro (k = 1,2,...,¢0). 
Take two parallelohedra R; and Ro contiguous to the parallelohedron Ro through the faces P, and P, 


which are not parallel. Put 
A= Ak t+ Ain 


and designate by R the parallelohedron of the set (R) characterised by the vector [;]. 
The parallelohedron R is contiguous to the parallelohedra R; and Rp, through the faces which are congruent 


to the faces Ph and Px. ; 
One can thus form the series 
Ro, Re,R and Ro, Rr, R 


of parallelohedra which are successively contiguous. 
Let us suppose that the parallelohedron Rx is determined with the help of canonical equations 


Uk [Gor + So ain(ai +rim)] > 0. (r=1,2,...,0) 
The face of the parallelohedron R; which is congruent to the face P;, will be determined by the equation 
Ue[@on + So ain (ai + Aiz)] = 0. 
It results in that the function V (ai, %2,...,2%n,A1,2,---,An) is expressed by the sum 
V (ai, 2) +++) Bn, A1,A25+++;An) = Gok + So ainci + un [aon + So ain(ai + din)| . 
In the same manner, one obtains 
V (aj, 22,.-+,En,A1,A2,---;An) = Gon + So ana +Uh [aoe +o aie (as + din)| . 
By virtue of the fundamental theorem of Number 34, one will have an identity 
Qon + So ainsi tun [aon + So ain (xi + is)| = 
aon + S- AinLi + Un [ao + So aie(wi + in)] . 


It follows that 


aok + Ur (aon + So ain din) = aon + Un(Gor + So aie Xin) (1) 
and : 
Qik + URGih = Qin tuna. (@=1,2,...,n) 
We have supposed that the coefficients a;, and ajn, (i = 1,2,...,n) would not be proportional , thus it is 


necessary that 
up =1 and un, =1 
We have arrived at the following important result: 
it Any parallelohedron R characterised by a vector [A;] will be determined by the canonical inequalities 


aor +) ain(@i +s) 20. (F=1,2,...,0) 
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Observe that by virtue of (1), one will have the equation 


s Qikrin = ys Qin Aik- 


In this equation, one can attribute to the indices k and h the values k = 1,2,...,0;h =1,2,...,0. 
40 
Theorem. The vectors 
[Aaa], [Ai2],-- +, ic] 


form the basis of the group G. By posing 


Ai = So bedi (2) 
k=1 
where l1,l2,...,l. are arbitrary integers, one will determine each vector [rj] of the group G. By indicating 


aji= So least, (3) 
k=1 


one will define the function V (a1, @2,...,%n,A1,A2,---,;An) by the formula 
V (a1, 02,---,2n,A1, A2,...,An) => 


fom nm nm nm 
1 1 (4) 
te =i So aie dix + a) i So aids 
=1 eA j=l =I 


Let us suppose that the formula (4) is verified by the vectors pv] and [Aj] which are defined by the 


equations 
n 


NO = SoD dix and X;= So bcm. @ = 1,2,..-47) (5) 
k=1 k=1 


We will see that the formula (1) will also be true for the vector [Ai] determined by the equations 
dg = AO 4 dj. 


Let us indicate by R, R® and R’ the parallelohedra characterised by the vectors [)], [al ] and [Aj]. 
The parallelohedron R will be determined by the canonical inequalities 


Gok + So ain(ai + AY) >0. (k=1,2,...,¢) 


One concludes that the function V(#1,22,...,2n,A1, A2,...,An) is expressed by the formula 
V(@1,02,---,2n,A1,A2,---,An) = (6) 
Visigeacc tan AOU Ghee Stan ee, 
Where the function U(«1, ¥2,..-,@n, A’, 5,---, Ay) represents the generatrix function determined with the 


condition that the parallelohedron R‘) have been chosen for the principal parallelohedron. 
By designating 


al = So aix and a, = So hair, (¢ =1,2,...,n) (7) 
k=1 k=1 


one will have, by virtue of the supposition made, 

V (a1, 2,---, fn, r¢, AM, ..., AM’) = 

ae i (aox - $ > QikrAik + > anes) + -> al ©), 

U(a1, 22,---,2n,N,A9,---, An) = 

Tit (aoe + Dae” — 4 Dade — Danas) +4 alr 
Let us put 
SIO. (S12 370) 
By virtue of (6) one obtains 
V (01, 02,..-,2n,A1,A2,---,An) = ilk (aox — >> QikAik + > anv) (8) 
(0) 0 o o 0 
+3 yea. es D4 Fee Peet YZ, inl X . 


o n 
1 1 
1¥7 a0 +E Sal DD asada”. (9) 


k=1 i=1 


Let us examine the sum 
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By virtue of (5), one will hve 


n 


con n 
S- ain rd = >»: S- ain” rin. 
j=1 h=1 i=1 
We have seen in Number 39 that 


n n 


y aikAih = y Qih Aik, 
i=1 i=1 
therefore 
n 


oc n 
Sand” = oan? An 
i=l h=l i=1 
and, because of (7), this becomes 


n 


n 
s air? = S- a” Nn. 
i=l 


j=l 
It follows that 


y - dink = S- aN. 


k=1 i=1 


By virtue of (7), one will also have 


n 


s ain rx” => aj”. 
k=1 i=1 


i=1 


One can therefore present the sum (9) under the form 


15 4 Lait 2 anti” 


k=1 i=1 
1 
a5 6S a + So alr + So ain” + Yair’) 
1 0 0 0 
= sy (a ) +a! ars ) 2) : 
As 


a +a;,=a; and XO +=, 
the formula (8) can be written 


V (01, 02,.--,2n,A1,A2,---,An) = 


= 1 1 
> Ik (aos ey So aie dix + by anes) a5 So aids. 
=1 
It is easy to verify the formula (4) in the case 


NM=AAK. (kK =1,2,...,0) 


This results in that the formula (4) holds for any vector [A;] belonging to the group G. 
Theorem II. The group G possesses a basis formed of n vector 


[ma], [7:2], sey [Tin]. 
By putting 
n 
Mu = So hemit (11) 
k=1 

where Ji, l2,...,ln are arbitrary integers, one will determine each vector [Xi] of the group G. By indicating 

n 

V(x1, 22, eae lg A hy BOs os Tn) = Por + Spit, (k = 1, 2, 1.457) 
i=1 
and 


n 
— So lepie, (12) 
k=1 
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one will have the formula 
V(a1,02,.--,2n,A1, A2,---,An) = 


n n n n 

1 1 
2 lk (rs Fig PikTik + ) puss Tey ) air. 
=1 i=l j=l i=1 


One will easily demonstrate Theorem II introduced with the help of the formula (4). 
Let us notice that the sum > a;\; presents, by virtue of equation (11) and (12), a quadratic form of 


integer variables 11, l2,...,In 
Tew =D Atl 
k=1 h=1 


where one has put 


n n 
1 1 
Akh = 5 ) PikTin + 5 ) Pintik, (k= 1,2,...,n;h=1,2,...,n) 
i=1 i=1 


We will see that the quadratic form 5* > Agaledn obtained is positive. 


Theorem I. Any primitive parallelohedron possesses a centre. 
Designate by (¢;) the point satisfying the equations 


n n 
1 
Por — 5) pintir + 5 pirG =0 (k =1,2,...,n) (1) 
i=1 


i=1 


I say that the point (¢;) represents the centre of the principal parallelohedron Ro 
To demonstrate this, put 


n 
Nin = oN ai (h=1,2,...,¢) 
k=l 


By virtue of Theorem II of Number 40, one obtains 


V(a@1,22,... »En; Ata A2hs- ++) Ann) = 


n 
h 1 1 h hk 
a , (a me So pink + > rine) Be wy (pint Neb auak gael ) Ninh 


i=1 

On the other hand, by virtue of the definition established in Number 32, one has 
V (1, €2,...,€n, Ath, A2h,- ++; Ann) = Gon + So ainvi 

It follows that 


n 
ain = Se pas (h = 1,2,...,0) (2) 
k=l 


” 1 1 
aon = Sou? (pox 5 > pier) + 3 So ain din (h = 1,2,...,0) (3) 
k=1 


Multiply the equation (1) by (I) and by attributing to the index k the values 1,2,...,n, add the 
equations obtained, it becomes, by (2) and (3), 


1 
don — 5) aindin + Do indi = 0(h = 1,2,...,0) (4) 


That posed, take any one point (x;) belonging to the parallelohedron Ro . 
For the point (¢;) to be the centre of the parallelohedron Ro, it is necessary and sufficient that the point 
(x) determined by the equations 


and 


also belongs to the parallelohedron Ro . 
By virtue of the supposition made, one will have the inequalities 


aon +) ainwi > 0. (h = 1,2,...,¢) (6) 


By noticing that by (4) and (5) 


t 
aon + Qin; = —Qon — y ain (@i — Ain) 


—aon — S- ain(ti — Ain) > O 


and that the inequality 
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is found among the inequalities (6), one obtains 

don + Saini, > 0. (h = 1,2,...,¢) 
It is therefore demonstrated that the point (€;) represents the centre of the parallelohedron Ro. 
Let us notice that the centre (€;) is interior to the parallelohedron Ro. 
To demonstrate this, let us suppose that a point («;) is interior to the parallelohedron Ro. 
One will have the inequalities 

aon +) ainai >0. (h=1,2,...,¢) 
Among these inequalities can be found the inequalities 

—aon — So ain (ai —Xn)>0. (h=1,2,...,¢) 
By taking the summation of these inequalities, one obtains 
So aindin >0, (h=1,2,...,¢) 


and, because of the equation (4), it becomes 


aon +S ainki >0. (h=1,2,...,¢0) 


42 
Theorem II. The quadratic form 
n 
SS wah + piale +...+ pinln) (mah + mele +... + Tinln) 
i=1 
Apply Theorem I of Number 37 to the centre (¢;) of the principal parallelohedron Ro, one will have the 
inequality 


V (C1, C2) ++ +5 Cny At, A2s- ++; An) > 0, (7) 


whatever the vector [A;] of the group G may be, the vector [0] being excluded. 
By virtue of Theorem II of Number 40 and, [by virtue] of the equation (1), it becomes 


1 
D(C, G2,---5Gny Aa, A2y---5 An) = 5 So (wih +...4 pinln) (mal +...+ Tinln) 
and, from (7), one finds 
S> (pili + piale +...+ pinln) (mils + male +... + Tinln) > 0 


The inequality obtained holds, whatever the integer values of the variable 11, l2,...,l, may be, the system 
1, = 0, lo =0,...,ln = 0 being excluded. 
Continuous group of the linear transformations of the primitive parallelohedra 
43 
Applying a linear transformation of the principal primitive parallelohedron Ro with the help of a substi- 


tution . 
Li = aio + Scant, (¢=1,2,...,n) 
k=1 
with any real coefficients and of the determinant which does not vanish. 


One obtains a new primitive parallelohedron R’ which will be determined with the help of the canonical 
inequalities 


n 
aon +S aknve > 0, (h =1,2,...,0) 
k=1 
where one has put 


n n 
/ / 
Aon = Gon + AinQid, Akh = 5 QihQik (1) 
i=1 i=1 


(k= 1,2,...,h;h =1,2,...,0) 
The group G’ of vectors corresponding to the parallelohedron R’ obtained will be determined by the 


equations 
n 
Ni = Scainde, (2) 
k=1 
on condition that the vector [\;] of the group G corresponds to the vector [Aj] in the group G’ . 
Designate 


n 
V (a1, ©2,..-,2%n,A1, A2,---,An) =pot ) Dixi 
i=1 
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and 


V(x1,29,-- Xn ce 2 ae oe a 
4=1 


By virtue of the formula (4) of Number 40 and [by virtue] of the equation (1) and (2) one obtains 


n n 
Po= PotD pt iain, Pk =D piaik (k= 1,2,...,n) 
i=1 i=1 


Of which result [7;] and [7] being any two aie vectors, one will have 


Yorn = = ye (3). 


i=1 


Theorem. The quadratic form 


Sos hn = Strat + piole +...4+ pinln) (mil + mele +...+ Tinln) 
k=1h=1 


44 
Carry out a transformation of the primitive parallelohedra of the set (R) with the help of a substitution 


n n 
1 
pok — 5) pinTix + Spine =a, (k=1,2,...,n) 
i=1 i=l 


One obtains a set of the primitive parallelohedra (R’). 


The corresponding value of the function V(x}, 29,..., 2,1, A2; ---)An) for the set (R’) will be expressed 
by the formular 
bi / 7 s / 
V(w1,20,---;2n; Oh eh 1) = Dota + LST shy. 
i=1 j=1 


By virtue of the theorem Number 38, the principal parallelohedron of the set (R) will be determined by 


the inequalities 
n 
1 
LY Avthy + Soha 20 
i=1 


which hold, whatever the integer values of [1,l2,...,l, may be. 
The various parallelohedra of the set (R’) will be determined by the inequalities 


5 S- xs Aijlilj + S- lja3 > 5 S- > Age + S- 1 a; (4) 


Each parallelohedron of the set (R’) will be characterised by a corresponding system (i ) of integers 
ns: 

Observe how one could replace the base of the group G formed of n vectors by another base also formed 
of n vectors, these two bases will be equivalent, by virtue of Theorem III of Number 11; the corresponded 
positive quadratic form > >> Ajjlil; will be replaced by an equivalent form; the inequalities (4) define 
within this case the set of the parallelohedra which can be transformed as the set (R’) with the help of a 
corresponding linear substitution on integer coefficients and of the determinant +1 . 

The following remarkable theorem is thus demonstrated. 

Theorem. By applying the linear transformation of a primitive parallelohedron with the help of the sub- 
stitutions in some real coefficients which form a group continuous for linear substitutions, one obtains a set 
of primitive parallelohedra which is perfectly determined by a class of equivalent positive quadratic form, on 
condition that one does not consider as being different the quadratic forms with proportional coefficients. 

We have seen how any positive quadratic form defines, by the help of the inequalities (4), a set of congruent 
parallelohedra which can be primitives or not. 


Section, ITI 
Solution of the parallelohedra with the aid of positive quadratic form 


Definition of the convex polyhedron corresponding to a positive quadratic form 
45 
Let je Daj a1 Hs CA be an arbitrary positive quadratic form in n variables x1, 2%2,...,%n . Imagine a 


set R of points (a;) satisfying the inequality 


Dare + 2) oun >> 0, 


4=1 j=1 


whatever may be the integer values of £1, %2,...,2n - 
By virtue of the definition established, the set R enjoys the following properties: 


1. The set R is in n dimensions 
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2. The point (0) represents the centre of the set R 


3. The set R is convex. F . 
Take we a system of arbitrary parameters €1, €2,...,€n and examine a vector g composed of points (a;) 
which are determined by the equation 


Qi = pe where p>0 
It is easy to demonstrate that there exists an interval 
0<p<po where po>0 

which correspond with the points of vector g belonging to the set R. 

By posing 

aio = Poei, 

one obtain a vector [aio] the points of which belong to the set R. The point (ajo) belongs to the boundary 
of the set R, that is to say: the point (aio) satisfies the inequality 


So auxin; +25 ° aioni > 0, (1) 


whatever may be the integer values of 41, %2,...,2n and satisfy at least one equation 
S 2 > aught +25 © aioli = 0, (2) 
11, l2,...,l, being the integers which do not vanish. 
Designate e 
Qi1 = —Ai0 — SY aish;, (¢ =1,2,...,n) (3) 
j=l 


one will have, by (2), the equation 


So aziz; + 236 ainzs = SoS ais (li _— xi) (1; _ £5) +2 S- aiolli _— Li) 


and, by virtue of (1), one obtains 


So auxin; + 23 ainzi > 0, (4) 


therefore the point (a;1) also belongs to the set R . 
By adding the inequalities (1) and (4), one finds, from (3), 


AijLiLj — ajjxil; > 0. 
aD aS 


The inequality obtained holds, whatever the integer values of 41, %2,..., £n; this inequality can be written 


SOY aiglil; < So ais (li — 2x;)(l; — 2x;) 


One concludes that the system (i,;) is nothing but a representation of the minimum of the positive quadratic 
form > >> aiyjaixj; determined in the set composed of all the systems of integers which are contiguous to 
the system 1; with respect to the modulo 2. 

The number of such systems is finite. Suppose that all these systems form a series 


(lin), (lia), --- 5 (lic) (5) 


46 
Theorem. The set R presents a convex polyhedron determined with the aid of the inequalities 


SS aislindjn +250 oviliz >0(k =1,2,...,0) (6) 


By virtue of the definition established, each point (a;) of the set R satisfies these inequalities. Suppose 
that a point (a;) satisfying these inequality does not belong to the set R. One will determine in this case a 
positive value of the parameter p in the interval 0 < p < 1, such that 

a? =pa; where0<p<1, (7) 


one obtains a point (a ) belonging to the boundary of the set R. The point (a) will satisfy, as we have 


seen, an equation 
Y Yasty +20 aPu=0 @ 


characterised by a system (J;) belonging to the series (6) . 
By virtue of the equation obtained, one has 
Sra <0 


So aili <0. 


and, by (7), it becomes 
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By presenting the equation (8) in the form 


SOY. aiglil; + 23° aili = 2(1-p) So aili, 


S> So asglly +2 S> al; <0, 
which is contrary to the hypothesis. 


Independent inequalities which define the convex polyhedron corresponding to a positive quadratic form 


one will have the inequality 


It may be the case that among the inequalities (6) of the previous number there are independent inequal- 
ities. Suppose, for example, that the inequality 


S- S- aijlil; +2 Se aili > 0 (1) 


ve dependent. One will have in this case an identity 
a S- ajglilj +2 S- ail = pot Spx o> Says linljn +2 > autsk) (2) 
k=1 


po 20, pr 0, (k =1,2,...,0). 
We have seen in Numer 45 that the inequality 


> So aij zim; — S- S > aijail; >0 


holds whatever the integer values of 71, £2,...,%m may be. 
By making in the identity (R) 
1 
as So ails, 


po+ So pk (© So ais bindje = ys > aistind; ) =0 


where 


one obtains 


and consequently 


po = 0, pr (So Vasitantis = YK astints) =0 (k =1,2,...,¢) 


By supposing that p; # 0, one will have 


> So ais liedje - SoD aeghialy =0 
be So aug til; = S- > aij (lj — 2k) (1; — Qjr). 


By virtue of the equation obtained, the system (1; — 2s;,) is in the series (5) of Number 45. This is a 
condition necessary for the inequality (1) to be dependent. 


So > aiglil; +25 ¢ ails >0 (3) 


to be independent, it is necessary and sufficient that the quadratic form )_) axa; does not possess as 
two minimum representations (l,) and (—l;) in the set composed of all the systems of integers which are 
contiguous to the system (l;) with regard to the modulus 2. 


We have demonstrated that the condition studied is sufficient. It remains to be demonstrated that this 
condition is necessar. ; . me : 
Let us suppose that the inequality (3) is independent. In this case 


SoS. aiglil; + 23° aili =0 


defines a face P in n — 1 dimensions of the polyhedron R. 
Let (a;) be a point which is interior to the face P. One has the inequality 


> So aijxiz; +2 So avi > 0, (4) 


whatever the integer values of 11, %2,...,%n may be, the two systems (0) and (;) being excluded. By 
putting, as we have done in Number 45, 


thus 


Theorem. For an inequality 


aj = —ai — Do aigls, (5) 


So > aijain; + 2) ° aja >0 (6) 


one will also have an inequality 
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which holds for any integer values of #1, 22,...,%n, the two systems (0) and (J;) being excluded. By adding 
the inequality (4) and (6) one finds, by (5), 


Sania; - Saijal; >0 
SOY. aiglil; < So ais (li - 2x4) (Lj _ 243). 


The inequality obtained holds for any integer values of #1, %2,..., Zn, the two systems (0) and (i;) being 


excluded. 
The theorem introduced is thus demonstrated. ¥- : ; 
Corollary. The number of the independent inequalities which define the polyhedron R corresponding to a 


positive quadratic form can not exceed the limit 2(2" — 1). 
Set (R) of parallelohedra defined by a positive quadratic form. 


in other words 


Theorem. Let us suppose that the convex polyhedron R corresponding to a positive quadratic form 
>> Yo aijxix; is determined with the help of the inequalities 


SOY. aijxia; + 2) - aii > 0. 


By applying the translations of polyhedron R the length of the vector determined by the equations 


d= — Do asgly, 


11, l2,...,ln being the arbitrary integers, one will make up a set (R) of congruent polyhedra which uniformly 
partition space inn dimensions. 

Let us indicate with R’ the polyhedron which are obtained with the help of a translation of the polyhedron 
R the length of the vector [A\;]. The polyhedron R’ will be determined by the inequalities 


n n n n 
ye YS aijxin; +2 Si (ai + So aisl;)ai > 0. 
i=l j=l 


i=1 j=l 


This inequality can be written 


Soo ais (xi +1) (aj =F 1;) + 256 ai(wi +1) > So > aaghils + 25° ail. 


One concludes that the polyhedron R’ will be determined by the inequalities 


> So ayaa +2 So aiss > a So aiglil; +2 SS ails (1) 


which hold, whatever the integer values of variables 41, %2,...,%n may be. 

One will say that the polyhedron R’ congruent with the polyhedron R is characterised by the system (li). 

Let us indicate by (R) the set of all the polyhedra congruent to polyhedron R and which are characterised 
by the various systems (1;) of integers. 

I argue that the set (R) uniformly fills the space in n dimensions. 

Let us take an arbitrary point (a;) in the space in n dimensions and find the polyhedron of the set (R) of 
which belongs the point (a;). In this effect, determine a minimum representation (1;) of the form 


y Si ajay + 230 ain 


in the set EF composed of all the systems (x;) of integer values of the variables #1, r2,...,%n. 
One will have the inequality 


So > aajaiey +250 asa: > SSS aislil; + 25° ails 


which holds in the set E. As a result, the point (a;) belongs to the polyhedron of the set (R) characterised 
by the system (J;). 
Let us suppose that the point (a;) belongs to the various polyhedra of the set (R): R,R’,...,R™ 
characterised by the systems 
(i), it), -- +, lin). (2) 


By virtue of (1), one obtains the inequalities 


SOY. ais liedjx +25 ° ailix = So So ais hits +25 ° ali. (3) 


It follows that one will have the inequality 


So > aijniay +250 cum > SoS aigtils +25 ° ali, 


for any integer values of 41, %2,...,2n, the systems (2) being excluded. 


One concludes that the point (a;) is interior to a face common to the polyhedra R, R’,..., R“ and defined 
by the equations (3). 
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We have arrived at the following result: Every positive quadratic form defines a set (R) of congruent 
parallelohedra which can be primitive or not. 
Algorithm for the search for the minimum of the form )> > ajxixj +250 asx; in the set E. 


Let us suppose that one had determined the independent inequalities 


Soyo aiglinlys a 230 aidje >0 (k=1,2,...,¢) 


which define the parallelohedron R corresponding to a positive quadratic form )> > aij xia; 
With the help of the systems 
(di), (li2), pee) (lic) 


of integers, one can resolve many problems of the arithmetic theory of positive quadratic form. 
We seek, for example, the minimum of the form 


So So aiseie; 7 2S 0 ain (1) 


in the set EF composed of all the systems (#;) with integers, a1, a2,..., @n being arbitrary parameters given. 
The values of #1, %2,...,%n which correspond to the absolute minimum of the function (1) verify the 
equations 


n 


S ainwi + 0% =0 (k=1,2,...,n) 
i=1 
We designate by (&;) the point verifying these equations. By posing 
&=k4+nr 


we determine the integers 1, J2,...,J, under the conditions 
1 . 
Ir] S 5 (¢@=1,2,...,n) 


In the case r; = 0(i = 1,2,...,n) the system (i;) is the one we have sought. We suppose that all the 
numbers 1; (i = 1, 2,...,) do not vanish. We pose 


n 
a) =ayt+ > cashy 
j=l 


and examine the point (a ). 


Let us suppose that the point (a;) belongs to the parallelohedron of the set (R) which is characterised by 
the system (J;), therefore the system represents the minimum of the form (1) . 


In the case where the point (a) does not belong to the parallelohedron R, we determine a value po in 


the interval 0 < po < 1 of parameter p, in the manner such that the point (poo?) belongs to a face of the 
parallelohedron R . Suppose that this face be determined by the equation 


S- So aislindjn +2 Se ailin =0 


One will have an equation 


S- So aislindjn + 2po So allin =0 where 0<po<1 


Let 
n 
, 0 
a, =a; t+ ) aijljn 
j=l 


and examine anew the point (aj) and so on. I say that one will always determine a representation of the 
minimum of the form (1) by repeating many times the procedure explained. To demonstrate, suppose that 
one had determined with the help of the algorithm shown a series of points 


(ak) lee )iioney ele jens (2) 
(2) (8) sess (1) ee: 


n 
k k-1 k-1 
af =a) + rag? (b= 1,2,...) (3) 
j=l 


and a series of systems 


verifying the equations 


and the equations 


S So aff + 255 profi? =0 where 0 <p, <1 
(k = 0,1,2,...) 
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By virtue of these equations, one finds 


T Del 12a <0 = 0.43.) 5 
By designating 
OSG IO eae) pd 3) (5) 
and 
m® = bi, 
one obtains, from (3), 
n 
eS aan hse) (6) 
j=l 


By substituting in the inequality (4), one gets 
SY oa (i nl) (4 4 ml) 42a (40 + mf) < 
> S aij mm +2 s aim" 


This inequality, by (5), can be written 


Sy aigmi mk +1)4+2 ye dimitt< Sy aizm\m\ +2 Ss dim” 
= 0455.25) 
The number of the systems (m\*) of integers verifying these inequalities is limited. One concludes that 
the series of points (2) will always end by a point (aS*) belonging to parallelohedron R . By virtue of the 
equation (6), the system (m\*) represents the minimum of the form )> )> aijxix; +235 D> aiwi in the set 
E. The problem described comes down to the search for all the parallelohedra of the set (R) which are 


contiguous by a face in the interior of which the point (aS*) is to be found. One will determine all these 


parallelohedra by successively determining the parallelohedra which are contiguous to R through the faces 
in n — 1 dimensions and so on and so forth, ; ; : ; 
Properties of the systems of integers which characterise the faces inn—1 dimensions of the parallelohedron 


corresponding to a positive quadratic form 
51 
Suppose that the systems 


+(dj1), t(li2),..., £(li7) (1) 
characterises the faces in n — 1 dimensions of parallelohedron R corresponding to a positive quadratic form 


Theorem I. The elements lik, lok,...,lmk of any system (liz) belonging to the series (1) have no common 
divisor. 
We have seen in Number 45 that the numbers [1k, lok, ...,lnk verify the inequality 


S. Sayan _ S> So asjaidje >0 


lin = 6t; where d>1 
and by putting x; = ¢; in the previous inequality, one gets 


Sd austit; - 5d aigtit > 0 


in the set E. By letting 


and it is necessary that 6 = 1. 
52 
Theorem II. Suppose that n systems 


(pir), (pi2),---, (Pin) (2) 


represent n consecutive minima 
Mi < Mo <...Mn 


of the positive quadratic form )~ \~ aijxja;. All the systems (2) are in the series (1). 
By virtue of the definition for the system of n consecutive minima, one will have an inequality 


Mi s So appari = So avi; (k =1,2,...,n) 


as long as all the numbers 21, #2,...,%n can not be presented in the form 


k-1 
My = 5 Up DiP , 
r=l1 


the system (0) being excluded. 
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Suppose that the system (p,;,) does not belong to the series (1). In this case there exists a system (¢;) of 
all the numbers verifying the inequality 


oy So aij PinDje > S> So a (pix — 2t:) (pj — 2t;) 


Gi = Dir —bi (3) 
one presents the previous inequality in the form 


S- So aistit; + oS So aijaias (4). 


By supposing that the two systems (t;) and (q;) are different from the system (0), one will have, by virtue 
of the inequality obtained, the equation 


On letting 


k-1 k-1 
i= SCurpir ; Gi = Sc orpir 
r=1 r=1 
and, from (3), it follows that 
k-1 
Pik = Sou + Up) psn. 
r=1 


The equations obtained are impossible, since otherwise the determinant of n systems (2) would vanish, 
which is contrary to the hypothesis. 
As a result, the inequality (4) does not hold at condition where either 


t%=0 or t =p (=1,2,...,n) 


It is therefore demonstrated that the system (p;%), (k = 1,2,...,n) belongs to the series (1). 
Corollary. All the representations for the arithmetic minimum of the positive quadratic form ). >> aij xia; 


are within the series (1). 


53 
Theorem III. The numerical value of determinant of any n systems which belong to the series (1) is less 


than n! ; ; 
Choose any n systems in the series (1) 


(lit), (diz), -- + Cin) 


which the determinant +w does not vanish. Let us indicate 


n 


n 
1 1 
a?) = 5 tusliz and Obsk — 5 Ddoaslie (k =1,2,...,n) (5) 


j=l j=l 


By virtue of the inequalities 


So aijaia; + a So aijviljn >0 (h=1,2,...,7) 
which holds in the set E', 2n points (5) that belong to the parallelohedron R corresponding to the quadratic 


form > >> aijxia;. 
Let us choose any n points among 2n points (5), making sure that two points corresponding to the same 
index k value are not among the ones chosen. One forms in this manner 2n systems composed of n points 


0 0 0 
(a?) ’ (af?) ee ey (a!) ) ) CH aere Eee) (inn) 
hi, ho,...,hn being any permutation of the indices 1, 2,...,n and w=0,1,2,...,n. 
We designate, to summarise, 
h 0 h 
al = an (k= 1,2,...,p) al?) = Qing» (6) 
(K=pt+l,...,n;h=1,2,...,2”) 

and examine a simplex K;, determined by the equation 


n n 
“= Sonal where Soo <1 and J; > 0 (kK =1,2,...,n) 
k=1 k=1 


All the simplexes K;, (h = 1, 2,...,2”) belong to the parallelohedron R. Any point (a;), which is interior 
to a simplex K;,, does not belong to any other simplex of the series formed. This results in an inequality 


ay aerdea--dey < [ duidt2---dtn (h=1,2,...,2”) (7) 
pn % (Ka) (R) 
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On designating by D the determinant 


D= . . . 
Qnl Gn2 ++: ann 


of the quadratic form )> )- a;;2;%;, one has by virtue of (5) and (6) 


i) deidey+--dtn = 2.2 
( ni 2” 


and the inequality (7) gives 
—D< / dxidxt.---dtn (8) 
(R) 


This established, we observe how the group G of vectors corresponding to the parallelohedron R possesses 
a basis formed by n vectors 


[ait], [as2],..-, [ain]. 
By virtue of Theorem III of Number 11, it follows that 


/ dxidt2:::dt, =D. (9) 
(R) 


By substituting in the inequality (8), one would obtain 


w<nl 


§ F.4 G. F. Voronoi, 1909 


New application of continuous parameters to the theory of quadratic form. 


. ae Second Memoir -) 
Studies on the primitive parallelohedra by Mr. Georges Voronoi in Warsaw 


; ; Second Part . ar 
Domains of quadratic forms corresponding to the various types of primitive parallelohedra 
: Section IV 
Various types of primitive parallelohedra 
[Journal fir die reine und angewandte Mathematik, V. 136, p. 67-181, 1909] 
[translated by K N Tiyapan] 


On the number of faces inn —1 dimensions of primitive parallelohedron. 


Theorem. The number of faces inn —1 dimensions of a primitive parallelohedron is equal to 2(2” — 1). 
Let us suppose that a primitive parallelohedron R corresponding to a positive quadratic form )> S> ajax; 
is defined by the independent inequalities 


So do aighnljn £250 ailiz > 0. (k =1,2,...,7) (1) 


We have seen in Number 48 that any system 
in dang ocitiey (= UY Qiveeg) (2) 


represents the minimum of the quadratic form )* )~ ai;2ix; in the set composed of all the systems of integers 
which are congruent to the system +(1;,) with respect to the modulus 2. The form )> >> aijaixj; possesses 
in this set only two minimum representations +(Ix). 

Let us divide the set E, composed of all the systems («;) of integers v1, %2,...,%n, into 2” classes 


Eo, Fi,...,Em where m=2”—1 


with regard to the modulus 2 and suppose that the set Eo is composed of systems the elements of which 


have the common diyisor 2. . 
All the systems (2) do not belong to the different sets 


Ey, E.,...,Em where m= 2” —1. 
It follows that a 
TS2° 1, 
I argue that r = 2” — 1. Let us suppose that among the systems (2) there are not found the systems 
belonging to a set E and we determine the minimum of the form > >> aijaizj in the set Ep. Let (I;) bea 


representation of this minimum. 
Let us indicate by 


(ai), (Qi2);-- +; (Gis) (3) 
the vertices of the parallellohedron R defined by the inequalities (1) and examine the values of the func- 
tion )> > ayjlilj + 2° ail; which correspond to the different vertices (3). Let us suppose that the sum 
> Ye aijlily +25 aizl; be the smallest one. 
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By virtue of the supposition made, one will have the inequalities 


ye S- aiglilj + 2 S- Airl; > > So ais lily “ted S- Qinli. (rT = 1,2,...,8) (4) 
By noticing that each point (a;) belonging to the parallelohedron R can be determined by the equalities 


ai = 5° 0,air where > 9, = Land, > 0, (r = 1,2,...,8) 


r=1 


one will deduce the inequalities (4) an inequality 


S- S- aig lil; + 2 Se aili > > So asjlils +2 So ainli 


which holds for any poit (a;) belonging to the parallelohedron R. The system (J;) which represents the 
minimum of the form )> )- aij7ia; in the set Ep verifies the inequality 


QigLiLj — aijtil; > 0 
Dees 2 


in the set E. It results that the point 
n 
1 
f= —5 So asl; 
j=l 


belong to the parallelohedron R. By making in the inequality (5) a; = &:, one notices 


> So aislilj +2 So onli <0. 


The vertex (a;x) of the parallelohedron R verifies the inequality 


S- So aislilj +2 So ainli 20, 
> So asjlily +2 Sounds =0. (6) 


This stated, let us notice that the vertex (a;k) of the primitive parallelohedron is simple. 
Let us indicate by 
y 5 Gal oue +2 y awl =0, (r=1,2,...,n) 


n equations which define the vertex in the parallelohedron R. As the vertex (a;x) is simple, one will have 


an inequality 
S- > asain; +2 So ain > 0, 


whatever the integer values of 21, 22,...,%n may be, the system (0) and the systems 


Cy ac) (7) 


being excluded. By virtue of the equality (6), the system (J;) is found among the systems (7) which all 
belong to the series (R). 
It is therefore demonstrated that 


therefore it is necessary that 


rT=2"-1 
and that the number of faces in n — 1 dimensions of the parallelohedron R is equal to 
Qr = 2(2" — 1). 


Definition of the type of primitive parallelohedra. 


Let us examine a primitive parallelohedron R determined with the help of independent inequalities 


SY. ais lindjx + 2S ailiz > 0. (k =1,2,...,0 where o = 2(2” —1)) 


Let us indicate with 
(a1), (a42), sete (ais) 


the vertices of the parallelohedron R. One will determine with the help of equations 


So ast ye +257 cunt =0. (r=1,2,...,n,k=1,2,...,8) 
Each vertex (a;4) (k = 1,2,...,8) is characterised by n systems of integers 


GP), GP). ), @=1,2,--.,8) (1) 


the determinant +w, of which does not cancel each other out. 
Let us indicate, to make short, n systems (1) by a symbol 


eee 
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All the vertices of the primitive parallelohedron R will be characterised by a set of symbols 


the bile jeseartle (2) 


This declared, let us examine another primitive parallelohedron R’ corresponding to another positive 
quadratic form 5° )* aj;aiaj;. It can turn out that all the vertices of the parallelohedron R’ will alsobe 
characterised by the symbols (2). One will say in this case that the two parallelohedra R and R’ belong to 
the same type. 

Definition. One will call the various parallelohedra all the vertices of which are characterised by the set of 
symbols (2), “belonging to the same type.” 


57 
One can characterise a type of primitive parallelohedra in many ways. 


Let us consider a set (R) of congruent primitive parallelohedra which corresponds to a positive quadratic 
form )> >> aijxia;. 

All the vertices of parallelohedra belonging to the set (R) can be divided into classes of congruent vertices. 
Let us indicate by 7 the number of incongruent vertices belonging to the various classes. 

Any vertex of a primitive parallelohedron is congruent to n vertices of parallelohedron, this results in that 


S = (n+ 1)r. 


Let (ai) be any one vertex of parallelohedra of the set (R). One will define it with the help of n+1 
equations 
So So aijlintin +250 oilin = A. (k =0,1,2,...,n) 3 


(lio), (dir), -- + Cin) 


characterise n+ 1 parallelohedra of the set (R) which are contiguous by the vertex (a;). By indicating with 
(J;) a system of arbitrary integers, one will characterise by the systems 


The n+ 1 systems 


(lio + Ui), (ia + i), ..., (lin +i) (4) 
all the congruent vertices of parallelohedra of the set (R). 
By attributing to the variables 1), l2,...,l, any arbitrary values, one will characterise by n+ 1 systems 


(4) a class of congruent vertices. 


One concludes this that a type of primitive parallelohedra can be characterised by 7 systems (4). 
58 
To have more convenience in the notations, let us introduce in our studies the linear functions 


n n 
w= > lies, and uz = So hnai. (k = 0,1,2,...,7) 
i=l i=1 


One will say that the symbol (uo, ui,..., Un) characterise the vertex (a;) determined by the equations (3); 
the symbol (uo + u, ui +U,...,Un +u), u being a linear function in arbitrary integer coefficients, characterise 
a vertex congruent to the vertex (a;). 

Let us suppose that one had characterised by the symbols 


k k 
(uf) ul, 2... ul), (k= 1,2,...,7) (5) 


T congruent vertices of primitive parallelohedra belonging to the set (R). One will say that the set of symbols 
(5) characterise a type of primitive parallelohedra. 


59 
Let us examine the faces in various dimensions of primitive parallelohedra belonging to the same type. 
Let P(v) be a face in v dimensions (vy = 0,1, 2,...,n —1) of parallelohedra of the set (R) defined by the 
equations 


S > Aijlinljn + 2 So ailiz = S- S- aiglio +2 > ailio.(k = 1,2,...,n—v) 
One will characterise this face by n + 1 — v systems 
(lio), (lit), eee (lin—v) 
or by n+ 1 — v corresponding linear functions. 
U0, U1,---,Un-v- 
All the faces in v dimensions of parallelohedra of the set (R) which are congruent to the face P(v) will be 


characterised by the systems 
(diols), (dials), .-., Lisn—vda) 


or by the corresponding linear functions 
Uo + U, U1 + U,..., Un—v + U. 


By making, for example, J; = —lio one obtains n — v systems 


(lit — lio), (lia — lio), .--, (lign—v — bio) (6) 
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which enjoy the following property: all the determinants of the order (n—v)? which one can form from n—v 


systems (6) do not cancel one another at the same time. Let us indicate by w\"~”) the greatest common 
divisor of these determinants. By declaring 


n-vV 
r= Soe — lio) &k; (7) 
k=1 
one will present a system (x;) of integers by the linear forms where £1, 2,...,&—v are integer or rational 
numbers which belong to w‘"~”) sets 
&e = Ver typ (K=1,2,...,n-Vj3r = ie ee Lama | (8) 
where y1,42,---,Yn—v are arbitrary integers. Among the sets (8) is found a set where J,, = 0, k = 
1,2,...,2—v and which is composed of integer values of &1, €2,..-, &n—v- 
In the case w‘"-”) = 1, the equalities (7) are possible only on condition that the number £1, &2,...,&—1 


be integer. 

The set (8) play an important role in the subsequent studies. 

Let us indicate by the symbol o,_, the number of incongruent faces in vy dimensions of primitive par- 
allelohedra belonging to the type examined. By indicating with the symbol S, the number of faces in v 
dimensions of corresponding primitive parallelohedron, one will have a formula 


Sy, =(n+1—-v)on-y. (v=0,1,2,...,n—-1) (9) 
Definition of the set (L) of simplezes characterising a type of primitive parallelohedra 


Let us suppose that n+ 1 systems 
(lio), (di), --- 5 (tin) (1) 
characterise a vertex of primitive parallelohedra belonging to the type examined. 
Definition I. One will call correlative to the vertex of primitive parallelohedra characterised by the systems 
(1) a simplex L having n+ 1 vertices 
(lio), (li1), hae (lin). 


The simplex L presents a set of points determined by the equalities 


i=) Selix where 5°, =1 and J, >0. (k =0,1,2,...,2) 
k=0 k=0 


Let us indicate by (ZL) the set of simplexes correlative to the various vertices of a set (R) of primitive 
parallelohedra belonging to the type examined. 

Definition II. One will say that a type of primitive parallelohedra is characterised by the set (L) of sim- 
plexes. 

One will call congruent two simplexes characterised by the vertices 


(lio), (lit), ---, (lin) and (lio +), (aa +h:),..-, (lin + hi), 


l1,l2,...,d, being arbitrary integers. 

All the simplexes of the set (ZL) can be divided into classes of congruent simplexes; the number of classes 
is expressed by the symbol on defined by the formula (9) of the previous number. 

With the help of equations 


n—-vV n-vV 
a= So Sali where >. and 0, >0, (k=0,1,2,...,n—v) 
k=0 k=0 


one will determine a face in n—v dimensions of the simplex L which is correlative to the face in v dimensions 
of parallelohedra characterised by the systems 


(lio), (din), ae (lipjn—v): 


One concludes that the number of incongruent faces in n — v dimensions of the set (ZL) of simplexes is 
expressed by the symbol on—» (v = 0,1,2,...,n—1). 
As all the vertices of simplexes of the set (L) are congruent, one will declare og = 1, and the formula (9) 


of Number 59 
Sy =(n+1—-v)on-p 


will hold for the values of v = 0,1, 2,...,n, provided that one would admit S, = 1. 


Theorem I. The set (L) of simplezes uniformly fills the space in n dimensions. 
Let us suppose that a point (x;) be interior to a face of the simplex L characterised by the systems 


(lio); (lit); «+ +5 (liv). (2) 


One will have 


“i= S dali where Soe =1 and 0, >0. (k=0,1,2,...,v) (3) 
k=0 k=0 
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Let us suppose that the point (;) be interior to a face in v’ dimensions of another simplex L’ characterised 
by the vertices 
(Tio), (U1), eae) (lv). 


One can write 


! , 


i=) Vili, where 5° 0, =1 and i; > 0. a;(k =0,1,2,...,0') (4) 
k=0 k=0 


Let >> >> ai;2ix; be a positive quadratic form which defines a set (R) of primitive parallelohedra belonging 
to the type examined. 

Let us indicate by (a;) and (a) two vertices of parallelohedra of the set (R) which are correlative to the 
simplexes L and L’. One will have the equalities 


ijlinlye + ilik = A, 
Do Litisbetin +2) ai (k =0,1,2,...,n) (5) 
SY aistintin +2 D0 olin = A’. 
By putting down 
ijlinljn + 2 ily =A : 
Do Di siiticlin +2) jealin = At on (k = 0,1,2,...,n) (6) 
S> So asglindys +2 So alli = A’ + pr, 


one will have the inequalities 
pr>O and p, >0. (k=0,1,2,...,n) 


From equalities (5) and (6) one derives 


J Al A+ 2) ai — ai)lin = pe 
l A-A'+2 Si(ai — ailik = pr. 


By virtue of equalities (3) and (4), one obtains, 


(k = 0,1,2,...,n) 


v! 


A -A+2 SS (ai — aja = SS pe: 


k=0 


A-A'+2 Si(ai —aj)ri = Sr ohde. 
i=0 


By making the sum of these equalities, one finds 


So pede + Spee = 0. 
k=0 k=0 


It follows, because of (3) and (4), that 
per =0, (k=0,1,2,...,v’) and p,=0. (k =0,1,2,...,nu) 


let us notice that the equality p, = 0 is possible only on the condition that the system (Jj,) is found 
among the vertices of the simplex L, similarly, the equality pj, = 0 is possible only on condition that the 
system (1;;,) is found among the vertices of the simplex L’. 
One concludes that the systems 
(lio), (ix), sang (lv) (7) 


characterise a face of the simplex L and that the systems (2) characterise a face of the simplex L’. As a 
point (x;) can not be interior to two different faces of the same simplex, it results in that the systems (2) 
and (7) coincide; therefore the two simplexes L and L’ are contiguous through the faces in v dimensions 
characterised by the systems (2). 

It remains to demonstrate that any point (z;) of the space in n dimensions belongs to at least one simplex 
of the set (LZ). 

To demonstrate this, let us take any one point (€;) which is interior to the simplex L and draw any one 
curve C which joins the points (€;) and (2;). I say that all the points of the curve C will be situated in the 
simplexes 

1 OG FS 


belonging to the set (L). In effect, let us suppose that the point («;) not belong to the simplex L. The curve 
C will go beyond in one point (€;) the boundary of the simplex L and will pass through a simplex L’ which 
is contiguous to the simplex L through a face in any one number of dimensions and so on and so forth. 
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Theorem II. A point (xi) the elements %1,%2,...,%n of which are integers can be only one vertex of 
simplezes of the set (L). 

Let us notice that there exist simplexes of the set (LZ) which passes the vertex (0); the number of these 
simplexes is expressed by the symbol So. 

By effecting the translations of these simplexes the length of the vector [x;], one will obtain So simplexes 
which possess the vertex (#;). By virtue of Theorem I, the point (x;) can not belong to other simplexes of 
the set (LZ). 

Corollary. Suppose that a point (a;) the elements 11, %2,...,%n of which are integers, is not found among 


the vertices 
(Lio), (li), pee) (lin) 


n n 
= So dedix where Soo: =, 
i=0 k=0 


one will have among the numbers Jo, 01,.--,0n at least one negative number. 
Properties of symbols Sy, and oy (v = 0,1,2,...,n). 


of a simpler L. By writing 


Let us take any one positive integer m and consider a set K of points which are congruent to m” points 


gi g2 gn 
mm wae sey ak 
which one obtains by attributing to the numbers gi, g2,..., gn the integer values verifying the inequalities 


O<ge<m. (k=1,2,...,n) 


Let us take any one point (=) of the set K and suppose that the point (=) be interior to any one face 
P(v) of simplexes of the set (L) (v = 0,1,2,...,n). By virtue of Theorem I of number 61, all points of the 
set K which are interior to the face P(v) can not be congruent. 

Let us indicate by 


PY), (k=1,2,...,0,;y =0,1,2,...,n) 


the various incongruent faces of simplexes of the set (LZ) and by the symbol 
m” (k=1,2,...,0,5» =0,1,2,...,n) 


let us indicate the number of points of the set K which are interior to the face P,(v). ONe will have a 


formula 
- 3 mY) =m". (1) 


v=0 k=1 


It is easy to determine the value of the symbol m” . Let us indicate by 


1) fO ) 


WO 0°41 2°59 GD 


the vertices of the face P,(v) and let us write 
i 
= S- dl where S°9,=1 and J, >0. (r =0,1,2,...,7) 


These equalities can be written 
ao Ue) — =o, Ges ii), 


By indicating, to make short, 


k k k 
a mls = ti, Le = ig =pir, (r=1,2,...,v) 


and 
mo, =T, (r=1,2,...,v) 


one will have 
Vv Vv 


i=) topes where on <m and 7, > 0. (r=1,2,...,v) (2) 


r=1 r=1 


Let us indicate by w; ) the greatest common divisor of determinants of the order v? which one can form 


from v systems 
(pit), (piz), fovea (piv) 


and suppose that the forms (2) represent the integers t1,t2,...,t,, provided that the numbers 7, 72,..., 7 


(v) 


belong to one of w;, ’ sets 


Tr = Err + Yr where r=1,2,...,¥,h=1,2,...,0, (3) 
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Y1,Y2,---,y» being arbitrary integers. 
One can suppose that 


O<fan<1. (r=1,2,...,v,h=1,2,...,u”) 


By substituting the expressions of tT, (r = 1,2,...,v) derived from equalities (3) in the inequalities (2), 
one obtains 


Eh +r > 0,(r =1,2,...,4) So Gen tyr) <m. (4) 
r=1 
Let us indicate . 
yor =an tn (5) 
r=1 


where the integer a, is determined after the conditions 
0<& <1. (6) 


The inequalities (4) can be replaced by the following ones: 


Yr > 0, (vr =1,2,...,v) and Sour < m= an -1. 


r=1 
The number of systems (y1, y2,..., yy) of integers yi, y2,..., yy verifying these inequalities is equal to 


(m—an)(m+1—an)---(m+v—1—an) 
La denape 


By replacing with ae the number a;, corresponding to the various sets (3), one obtains the formula 


(v) 
bad v v v 
() _ (m—a)(m+1—a)---(m+v—1-a) (7) 
Mr, es 1-2---p . 


By substituting in the equality (1), one finds 


(v) 
n oy & v y 
- (m—a?)---(m+v—1-a®) _ ‘ 8 
Ye a (8) 
T.2-p 


v=0 k=1 h=1 


The formula obtained holds, whatever may be the positive integer value of m. One concludes this that 
this formula presents an identity. 
65 
By comparing the coefficients of m” in the formula (8), one finds 


on 
eae 
Wpr=N.. 
k=1 


It follows that 
On <n. 


Let us introduce in our studies the finite difference of different orders by defining them by the formula 


Le 
A fm) = (aye Fon + 1. 
k=0 
The formula (8) gives 


vp k=1 h=1 


(vy) 
k 


~ (m+ p—af?)---(m+v—1-aQ) uy a 7 
De 1-2ee(v—p) = AM'(m"). (uw =0,1,2,...,n) 


w 


By making m = 1 in this formula and by noticing that 


(pt+1—af?)---@—al?) 


> 
1a) eu 
since, because of (5) and (6) 
ane <y, 
one finds 
ou 
Sil? < AM (mar (= 0,1,2,.-.5n) (9) 


k=1 
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It follows that 
ou < A“ (m™)m=1- (ws = 0, 1, 2, Deets n) 
We have seen in Number 60 that 
S,=(n+1-v)on-., (v=0,1,2,...,n) (10) 
therefore 
Sv < (n4+1—v)AP?'(m") mai. (v = 0,1,2,...,7) 
66 
Let us examine the conditions which have to be fulfilled for the symbols S, (v = 0,1,2,...,n) to be 
expressed by the formula 
86s wel DAY Gn ear. (S031, he) (11) 


By virtue of inequalities (9), it is necessary that 
wl) = 1. (k= 1,2,...,0434 =0,1,2,...,n) (12) 


These are the conditions necessary and sufficient for the formula (11) to hold. In effect, in the case 
wi”) = 1, the formula (7) becomes 
(@) _ (m=v)(m+1—v)--(m=1) 
Mi = 1-Qee-p : 
and the equality (8) takes the form 


(m=v)---(m=1) _ on 
eae : 


It follows that 


. (m+ —v)---(m—1) Le n 
aaa, 


and by making m = 1, one obtains 


oy, = AM (m™)mai1. (= 0,1,2,...,2) 


It results in, because of (10), the formula (11). 
Let us notice that the conditions (12) come down to a single condition 


On =n. 


We will see that there exists primitive parallelohedra which satisfy this condition. 
67 


Theorem. The faces in 1, 2, 3 and 4 dimensions of simplezes of the set (L) enjoy the property that 
wv) =1. (k=1,2,...,0.37 =1,2,3,4) 


The demonstration of the theorem introduced does not present difficulties. 

Corollary. The number of faces in different dimensions of primitive parallelohedra in the space of 2, 3 and 
4 dimensions is expressed by the formula (11). 

1. By making in the formula (11) n = 2, one obtains 


So =6 and Si =6. 
2. By making in the formula (11) n = 3, one obtains 
So = 24, Si =36, S2=14. 
3. By making in the formula (11) n = 4, one obtains 
So = 120, 9; = 240, Sy = 150, S3 = 30. 


By studying the primitive parallelohedra in the space of 5 dimensions, I have come across parallelohedra 
the number of faces of which is not expressed by the formula (11). 
68 


We have seen that, in the case iin = 1, one has 


reg, 


It is easy to demonstrate that, in the case wi? > 1, one will have this equality for a single set (3) which 
is composed of integers; for all the sets which remain, one will have the inequalities 


2< al) <v-2 (v>5) (13) 
Let us make in the formula (8) m = 0. By noticing that 


(aye (1 — age) —1— aie) _ 


0 
1-2---p 
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so long as a # v, one finds 


YS" (-1)’on = 0. 


By making in the formula (8) m = —1, one obtains, because of (13), 


S-(-1)’(v + Yow = (-1)". 


v=0 


By substituting in this formula the expression of a, derived from the formula (10), one will have 


y's, =1, (14) 


Let us notice that the equality obtained expresses a property of faces in different dimensions of primitive 
parallelohedra which is common to all the convex polyhedra of the space in n dimensions. + By making in 
the formula (14) n = 3, one will have 

So — S1+ So — $3 = 1, 
and as S3 = 1, this becomes 
So+ S2=2+4 $1. 

This is the well known formula of Euler. { 

3 Regulators and characteristics of edges of primitive parallelohedra. 

Let us examine the set (R) of primitive parallelohedra belonging to a type of parallelohedra characterised 
by a set (L) of simplexes. 

Let (a;) be a vertex of parallelohedra of the set (R) determined by the equations 


Sod aiglinlin +250 olin =A. (k =1,2,...,n) (1) 


The system L correlative to the vertex (a;) is characterised by the systems 


(Lio), (lin), rae) (lin). (2) 
Let us indicate by (a;x (k = 0,1,2,...,n)) the vertices adjacent to the vertex (a;) (Number 18). The 
simplex L; (k = 0,1, 2,...,n) correlative to the vertex (a;x) will be characterised by the systems which one 
obtains from system (2) by replacing the vertex (1;x) of the simplex L by a corresponding vertex (l;,) of the 
simplex L;. The two simplexes L and L, are contiguous by a face in n — 1 dimensions P;, (k = 0,1,2,...,7) 
which is characterised by the systems 
(lin). (kK=0,1,2,...,yhF#k) 


The face P, of simplexes L and Ly is correlative to an edge [a;, a:%] of parallelohedra of the set (R). 
Let us indicate by 


YS" pints = bn, (k = 0,1,2,...,n) 


the equation of the face P,. As one has 


S- pirlix = dk, (h=0,1,2,...,n;h #k) 


it becomes 
"pie (lin — lin) = 0. (A = 0,1,2,..., 257 = 0,1,2,...,. mh # kyr Fk) (3) 
The equalities obtained define the number pix, p2x,-.-,Pnk to a common factor close by. By supposing 
that pix, Por,---,Pnk be integer not having common divisor, one will determine by the equality (3) two 


systems (p;,) and (—p;x). One will call characteristic of the edge [a, ajx] or of the correlative face P;, one of 
the two systems +(p;x) likewise. 
So pirlix F Ok; 


By noticing that 
one will attach, for more precision, a supplementary condition 


S > pinli > dk. 


Definition. One will call characteristic of the face P, with regard to the simplex L the system (pix) which 
is well defined by the conditions 


S> pisli > Or, So pislin = Ok- (h = 0, 1,2, Pas nh # k) (4) 


t See: Poincaré, Sur la généralisation d’un théoréme d’Euler relatif aux 


polyédres. [On the generalisation of the theorem of Euler relative to the polyhedra] (Comptes Rendus des Séances 
de l’Académie de Paris, V. 117, p. 144) 


{ Euler, Elementa doctrinae Solidorum. (Novi Comment. Petrop. 1758.) 
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Let us notice that the characteristic of the face P, with regard to the simplex L, will be the system 
(—pix). In effect, one will have 
So pirlix F Ok. 


S- pinlix > dp. 


In this case the two simplexes L and L, would be situated on the same side of the face P,, and one could 
find a point interior to the simplex L which would be interior to the simplex L;, too, this is contrary to 
Theorem I demonstrated in Number (6). It is therefore necessary that 


So piklix < bk, 


and the system (—p;,) presents the characteristic of the face P, with regard to the simplex Lx. 


Let us suppose that 


One will determine the vertex (ai) (k = 0,1, 2,...,n) correlative to the simplex L, by the equations 


S- So aijlindjn +2 So cinlin =A, (h=0,1,2,...,n;h Fk) (5) 


> > aistinlin +2 D0 cutlin = Ave (6) 


From the equalities (1) and (5), one derive 


and 


2S “(ask — ai)lin = An — A. (h=0,1,2,...,mh#k) (7) 

As a result because of (3), one will have 
Qik — 4 = pikpr. (@=1,2,...,n;k =0,1,2,...,n) (8) 
On the ground of the supposition made, the vertices (a;) and (ay) (k = 0,1,2,...,n) of primitive 


parallelohedra of the set (R) are simple. 


It follows that, 
S- So aislixlj +2 So oinlix >A 


Oy De Aijliklitsicye + 2 S- Aikliz > Ab- 


By virtue of (1) and (6), one obtains 
2 S “(ai = as liz > A, — A and 2 So (ait _ auiliz <Ap—A 


and, because of (8), it becomes 


and 


pk So pili > Ap — A and 2p So piklix < Ap—A. (9) 
As by virtue of (7) and (8), one has 
2% S- pinlin = Av — A, (h=0,1,2,...,n;h #k) (10) 
the inequalities (9) can be written 
2px d pir(lir — tin) > 0, 2pe — pin(lix — lin) <0. (h=0,1,2,..., 5h #k) (11) 
By noticing that because of (4) 
> pin(li — lin) > 0, (bh = 0,1,2,..., 252 £K) (12) 
engine Be, ARS OTD. hay (13) 
and the second inequality (11) gives 
> vin(lix — tin) <0, (h = 0,1,2,..., 5h £ k) (14) 
or differently, because of (4), 
S pislix < dk, (& =0,1,2,--.,) (15) 


that which we have demonstrated by another method. 


By substituting in (6) the expression of a;, derived from the equality (8), one obtains 


ys So aisinljn + 25  ailix + 2pr S- pirlix = Ap. 
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One will present this equality, because of (1), under the form 


S- So aislinljn +2 S- ailon— S- S > aislixdje —2 So ailit = 
Ap — A— 2px S > pirlix, 


and lastly, by virtue of (10), 


2Pk So pik (lin — Ty) = S> S> aizlinljn +2 S> alin — S> So ow linlje — 2 S> ailiz (16) 


where h = 0,1,2,...,n,h Ak, k =0,1,2,...,n. 
Definition H. One will call regulator of the edge [ai, ain] or of the correlative face Py the positive parameter 
pr defined by the formulae (8) and (16). 
Let us notice that on the ground of equalities (3) and (8) the congruent edges and the congruent correlative 
faces possess the same regulator and the same characteristic. 
One can determine the regulator p;, by other formulae. 
Let us write 


tx = > 0 ip where S79 =1. (b= 1,2,...,7) (17) 
r=0 


r=0 


On the grounds of equations (1) and (17), one obtains 


De oe aiglinljn+2 S- ailix — > > aijlinlj~ — 2 S- ailin = 


So > aistintin — S79 S° Ye ais tinlir. 


r=0 


By substituting in the formula (16), one finds 


n 
2Pk S- pir (lin —Uy,) = S> Yo as Lalje — peers > > asjliedje (18) 
r=0 
where h = 0,1,2,...,n;h Ak;k =0,1,2,...,n. 
The formula obtained makes visible an important property of the regulator pz: the regulator px 1s expressed 
by a linear function of coefficients of the quadratic form >|) ayxitj;. By writing 


pr=S- Spi ais, (19) 


one will have the rational coefficients ps) =p) j= 1,2), 


ij = Pia: neg Po hj Qo ee 
72 

By virtue of the formula (19), the regulator p; will be perfectly determined if one knows the corresponding 
coefficients p\” (i= 1,2,..., nj =1,2,...,n). 

As the coefficients a,j (i = 1,2,...,mj = 1,2,...,n) of the quadratic form S> )\ ajja;a; do not play 
any role in the determination of coefficients p> (@ = 1,2,...,n;7 = 1,2,...,n) which depend only on 
the simplexes L and Lz, one can replace in the previous formula the coefficients a;; by the coefficients 
jx; (4 =1,2,...,n;7 =1,2,...,n). 

By introducing the linear functions, as we have done in Number 58, 


Ui = So birt, Ur = So bis, (r = 0,1,2,...,n) 


ul? 


let us indicate by 
and v<*) (r = 0,1,2,...,n) 
the values of these functions which correspond to the values of variables 1, %2,...,%n 
Li =piz. (k =0,1,2,...,n) 
By virtue of (4), one will have 
u® = b%. (h=0,1,2,...,n;h $k, u™ > dx) 
By virtue of (15), one will have 
oi) < bk. 
Let us notice that the numbers Uo, ¥1,...,Un defined by the equality (7) will be determined by the 


equalities 
n 
Uk = SO ur where yoee =1. 


r=0 
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By replacing in the formula (18) the coefficients a;; by the coefficients x;2;, i = 1,2,...,n,j =1,2,...,n, 
one obtaines 


2px (dx — of) = (ve)? — S> 9 (ue). (= 0,1,2,...,0) 20 
r=0 


To return the formula obtained to the formula (19), it suffices to replace in the equality 


pe = > So 0p win; 


the coefficients x;z; by the coefficients aij, i= 1,2,...,n,j =1,2,...,n. 
Fundamental transformation of the form 


Sd again; +250 iwi _ SOY. aiglil; - 2) ails 


By keeping the previous notations, let us indicate 


Fury (@1,22,---,2n) = >) > aijaiaj +2 Doin — A (1) 
A= Sod aislindyn +25 adic. (k =0,1,2,...,7) (2) 


By introducing the variables £0, £1,...,&» after the conditions 


Cc Eel where ye = 1; (3) 
r=0 r=0 


one will present the function F(z) (#1, #2,...,%n) under the following form: 


n 
Fir (£1, ©2,-+-,;Ln) = S- So aijeie; - Soe SS aistirljr. (4) 
r=0 


One concludes that the function F(z) (#1, %2,...,%n) is linear with regard to the coefficients ajj,i = 
1,2,...,n,j =1,2,...,n of an arbitrary quadratic form )> > aijxia;. 
By making in the formula (1) #; = ljx, one obtains, because of (2), 


For) (liz, bors. --sdnk) = 0. (k = 0,1,2,...,n) 


where one has admitted 


The equalities obtained hold, whatever may be the values of a;; ,i = 1,2,...,n,j7 =1,2,...,n. 
Let us indicate by L° a simplex congruent to the simplex L and characterised by the vertices 


(Lio + 1), (lia oh 1;), eet (lin + 1), 


11, lo,...,l, being arbitrary integers. 
By noticing that because of (3) 


wthk= So éeli +1;) where ye =a: 


r=0 r=0 


one will have an equality 
Foz0) (#1 +h,@2+le,...,an4+ In) = a So ais (wi + 1) (x; + 1;) = Se S So ais (lin + Li) (lin + 1;) 
r=0 


and after the reductions, it becomes 


Foz0) (#1 +h,vo+h,...,an+ln) = S- So aijeie; _ se SY aislinlje, 
r=0 


therefore, because of (4) one will have 
F(z0) (#1 +h,vo+le,...,an4+ In) = For) (#1, 22, sited i2n)e (5) 


By virtue of the formula (18) of Number 71, one will determine the regulator p; in the formula 


20k S- pik (lin — Tix) = Fry (tins toe, +) tne). (k = 0,1,2,...,) (7) 


Let us indicate 


Fy, (1, %2,...,2n) = SOY. aijxia; +250 cine — Ag, (k = 0,1,2,...,n) 
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L;, being a simplex contiguous to the simplex L by the face Py (k = 0,1, 2,...,n). 
By substituting in this equality the expression of a;, defined from the formula (8) of Number 70, one 


obtains 
Fi, (@1,%2,...,2n) = S- So aijxia; +2 So aii + 2px > pina — Ax 
and, because of (1), one will have 
Fy, (€1,€2,-..,2n) = F(z) (#1, #2, +5 n) + 2p So pinei + A— Ax. 


By substituting in this equality the expression of A — A, given by the formula (10) of Number 70, one 
finds 


Fi, (@1,@2,...,%n) = Fr) («1, L2,-++,Ln) + Wy So pik (as —Iin). (h #k) 
This formula can be written 


Ft) (#1, £2, tng ,Zn) = Fr, (x1, T2,--- ,Zn) ou Zoe > , Pints a: 3). (h #k,k=0,1,2,... ,n) 
The formula (*) obtained is capable of numerous and important applications. 


Let us suppose that 21, 4%2,...,%n be arbitrary integers and that the point (z;) is not found among the 
vertices 
(lio), (di), «+ 5 (lin) (7) 
of the simplex L. By admitting 
n n 
Li = So Erlir where ye =, (8) 
r=0 r=0 
one will have by virtue of Theorem II of Number 62 among the numbers £0, £1,...,&n at least one negative 


number. Let us suppose to fix the ideas that 
& <0. (9) 


By noticing that because of (3) and of the formula (4) in Number 69 one has 


Spike (lin — 2) = Spike (lin — lx) 
and that 
So pin(lin — lik) <0, (h#k) 
one obtains, because of (9), 
S > pit (lin —«j)>0. 


One concludes that the coefficient of 2/; in the formula (*) is an integer and positive in the case considered. 
In the same manner, one will examine the function Fy, (#1, ¥2,..., 2) and so on. 


Let us suppose that one have examined the simplex, 
Tet facie (10) 
successively contiguous by the faces in n — 1 dimensions the regulator of which present the function 
P15 P25+++5Pm- 
Let us suppose that by applying the formula (*) to the simplexes (10) one have obtained the equalities 
Fr (#1,%2,...,%n) = Fy (x1, 22,...,2n) +2h1pi where hi > 0, 
Fy (#1, %2,...,%n) = Fyn (#1, £2,...,%n) + 2hep2 where hy > 0, 


Fp (m-1) (£1, £2,..-,8n) = Fyom) (£1, £2,...,£n) + 2hmpm where hm > 0. 
It follows that - 
Fy (#1, £2, Fads ,Zn) = 2S — hepe + Fim) (#1, £2, oe .; Zn). (11) 
k=1 


The procedure shown can not be prolonged indefinitely and one will always arrive at a simplex L“) among 
the vertices of which is found the point («;). 

To demonstrate this, let us notice that the coefficients a;;,i = 1,2,...,n,j = 1,2,...,n of the quadratic 
form )> >> aij2ix; in the formulae obtained are arbitrary. 

Let us suppose that one have chosen the positive quadratic form )> >> aijaix; which defines a set (R) of 
primitive parallelohedra belonging to the type characterised by the set (L) of simplexes. 

We have seen in Number 70 that one will have the inequalities 


Pk > 0. (k= 1,2,...,m) 
By virtue of the definition of the function Fr(x1,22,...,2%n), one will have an inequality 


Fy (21, £2, ae ,Zn) > 0, 
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whatever the integer values of 21, 22,...,2%2 may be, abstraction made from vertices (7) of the simplex L. 


It results in 
Fi pom) (@1; £2, i+ +) &n) 20 


and the formula (11), in the case considered, gives 


m 
Fy (#1, €2,...,%n) > 25° hepe- 
k=1 


As the coefficients hy (k = 1,2,...,m) are of positive integers and the regulators px (k = 1,2,...,m) 
belong to a series of regulators corresponding to the incongruent faces of simplexes of the set (L), one 
concludes that the number m can not be increased indefinitely. As a result the series (10) will be terminated 


by a simplex L°”) among the vertices of which is found the point (x;). 
It follows that one will have indentically 


Firm) (£1, £2, ata ,Zn) = 0, 


and the formula (11) becomes 


m 
Fr (a1, 22,...,2n) = 2 ye hepe where (k = 1,2,...,m) (12) 
[k]=1 
Let us notice that the formula obtained presents an identity which holds, whatever the values of coefficients 


aij, = 1,2,...,n,j7 = 1,2,...,n may be, provided that the regulators pz (k = 1,2,...,m) are expressed by 
the formula (6). 


Fundamental theorem. Let us suppose that the regulators pp (k = 1,2,...,0) corresponding to the various 
incongruent faces inn —1 dimensions of simplezes belonging to the set (L) be determined by the equations 


n 


n 
k 
Pk =o opp ass. (k =1,2,...,¢) 


i=1 j=l 


For a quadratic form >> >> aijxit; to define a set (R) primitive parallelohedra belonging to the type char- 
acterised by the set (L) of simplexes, it is necessary and sufficient that the inequalities 


Pk = Sway >0, (k=1,2,...,0) 
hold. 


We have seen in Number 70 that the inequalities 
pr>O0, (k=1,2,...,0) 13 


present the necessary conditions. Let us suppose the coefficients of a quadratic form 5+ )> a;;x;; verify the 
inequalities (13). By virtue of the formula (12), one will have the inequality 


Fir) (#1, £2,. a ,Zn) >0 


so long as the point (#;) the element s of which are integers is not found among the vertices of the simplex 
L. By virtue of the definition established, the simplex L is in this case correlative to a simplex vertex (a;) 
of parallelohedra corresponding to the quadratic form examined \* > aija;x;. 

The simplex L is chosen arbitrary in the set (L) of simplexes, therefore all the simplexes of the set (L) 
are correlative to the simple vertices of parallelohedra corresponding to the quadratic form > > aijaia;. 

I dg that these parallelohedra do not possess other vertices, it is that which one will verify without 
trouble. 


Let us notice that any quadratic form )> > aijaix; verifying the inequalities (13) is positive. To demon- 
strate this, let us examine a simplex L among the vertices in which is found the point (0). One will have in 


this case 
Fox) (£1, L2,-.-,En) = ». So aijeie; +2 SY) oa, 


and consequently 


Fr) (@1, €2,-..,£n) t Fir) ( Ply Eos 444 tn) =25— >  asgnin;. 


The two points (x;) and (—xz;) can not be the vertices of the simplex L, the point (0) being excluded. 
This results in 


Fz) (#1, #2, ..+y2n)4 Firy( 1, —£2,...,—Xn) > 0, 
therefore 
whatever may be the integer values of 1, %2,...,£n, the system 41 = 0,42 = 0,...,%n = 0 being excluded. 


Definition of quadratic forms with the help of regulators and corresponding characteristics. 
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Let us take any one quadratic form )> > aijx;a; in arbitrary coefficients. Let us choose n numbers 
%1,£2,...,2%n which are subject to the only condition: the equality 


hito thotat+...thnin =0 
is impossible so long as the numbers hi, ho,...,hn are integers. 
Let us examine a vector g made up of points 


l 
= + uz; where 0<u<il, 
m 


li, l2,...,d, being arbitrary integers and m being any one positive integer. 
The vector g will traverse a certain number of simplexes belonging to the set (L). Let us indicate by 


Lije Dssa tein (1) 


the simplexes of the set (LZ) which contain the various parts of the set g. On the ground of the supposition 
made, the simplexes (1) are well defined by the vector g and are successively contiguous by the faces in n—1 
dimensions. In effect, two adjacent simplexes L;, and Ly+1 of the series (1) possess a common point (&;x) 
belonging to the vector g, therefore the simplexes L;, and L;,41 are contiguous by a face in any number of 
dimensions. Let us suppose that this face be characterised by the systems 


(lio); (it); «+ +5 (liv). (2) 


1; 
bik = = +Upt; where 0 < uz <1, 


one will have 


li 
—_ i= Vo lir h 0, =1 d U0, 0. =0,1,2,..., 3 
= + Upe y where y an >0. (r v) (3) 


r=0 


By supposing that v < n—1, one wil determine with the help of these equalities a system (h;) of integers 
verifying the equation 


hit, +hotet+...thn&tn = 0, 


which is contrary to the hypothesis, therefore it is necessary that v = n — 1 and that the point (&) be 
interior to a face in n — 1 dimensions which is common to the simplexes Ly, and Dy+1. 


Let us suppose that v = n—1. By indicating with (p;,) the characteristic of the face (P;,) characterised 
by the systems (2) with regard to the simplex L,, one will have, by virtue of the formula (4) of Number 69, 


S- pirlir =6r, (r=0,1,2,...,n—-1) 
and the equalities (3) give 
k 
So pi(= + Upzi) = Ox 
m 


and consequently 


Uk Spine =6- Ypas. 


As >> pirti # 0, on the ground of the supposition made, the equality obtained defines a point (£;¢) of 
the vector g which is interior to the face P,. This results in that the vector g does not possess other points 
common to the face P,. By attributing to the parameter u a negative variation du sufficiently small, one 


will define a point i + (ux + 6u)x; of the vector g which is interior to the simplex L;. By attributing to the 
parameter u a variable du > 0, one obtains a point 4 + (uz + 6u)x; which is interior to the simplex Dy+1. 
As in these cases one has 


ees (up + bu)xi) > dp, (du < 0) 


and 


Yin (uz + bu)ti) < dk, (du > 0) 
it becomes 


So pina <0; (4) 
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By indicating with p; the regulator of the face P;, with regard to the chosen quadratic form )> ajjxikj (k = 
0,1,2,...,s—1), let us apply the formula (*) of Number 74 to the simplexes (1). One will have the equalities 


qy I 


l 
Fig) (= + 1.04) + tn) = Fry ( +01,-.., = +n) 


m 


i; 
+ 2p0 S- Pio (lino ig Li), 


ln ly ln 


l 
Fie i Bi cis _ + Zn) = F,.(— oie oh RICO Rees + Zn) 
m m m m 
L 
+ 2ps—1 > Pie-1 in, - = — 24). 


It follows that 


s—l 
U In - an Li 
Foto) (= + #1). mtn) =2) pe Soi= 1" pik (lin, — orga) ms 
k=0 5 


l l 
SOR es ee eee) 
m m 


Until now, the integers l1,l2,...,l, had been arbitrary. Let us suppose that the integers 11, l2,...,In 
satisfy the conditions 
0<i<m. (=1,2,...,n) (6) 


1 
The number of points belonging to the set K is equal to m. 
Let us apply the formula (5) to all the points of the set K and make the sum of equalities obtained. One 
will have a formula 


Let us indicate by K the set of incongruent points () verifying these inequalities. 


I 
Foto) (= + 81,00) +n) = (7) 
l; I 1 
25° px S- pir ling — = —ai)+ ye Fua(= + Bi,...; = +n). 


All the sums which are formed in this formula can be determined with a certain approximation. 
80 
Let us suppose that the simplex Lo be characterised by the systems 


(lio), (1:1), nea (lin). 


On the ground of the supposition made, the point (4) belongs to the simplex Lo. As there exist only a 


finite number of simplexes of the set L to which belong the points (4) verifying the inequalities (6), one 
concludes that one can determine a positive parameter \ in such a manner that the inequalities 


\tiz| <A G=1,2,...,n;k4 =0,1,2,...,n) (8) 


holds. 2 ; 
In this case, the corresponding value of the function 
l l l 
F(x) (4 +012 +42,...,2 +20) 
m m m 


can be presented under the form 


l l 
Fiio) (A42,..., 7 +2») = SOY aigeie; + €0 + ein 


where the coefficients €0, €1,...,€n do not exceed in numerical value a fixed limit « which does not depend 
on coefficients of the quadratic form )~ > aij2;%; and on the choice of the set (L) of simplexes. 
Let us examine the function F(,,,) (4 + %1,..-, fn + te After the proposition made, the point (4 + wi) 
belongs to the simplex L,. Let us determine the integers t1,t2,...,tn after the conditions 
1; : 
O< 7 tattii<1, (i=1,2,...,m) (9) 


and indicae by L’, the simplex congruent to the simplex L, which obtains by a translation of the simplex L, 
the length of the vector [t;]. 


By virtue of the formula (5) of Number 73, one will have 


1 
Fir.) ( : 


L l l 

+ e1,...,2 +n) =F, (4 401 tty..,2+en ttn). (10) 
m m s\m m 

By indicating with 
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the vertices of the simplex L,, one will have, by virtue of (9), the inequalities (8): 
lin] <A. (6 =1,2,...,n;k =0,1,2,...,n) 


It follows that the numerical value of the function 
l l 
Fy (2 +aittiy,..., ++ +tn), 
s\m m 


because of (8) and (9), does not exceed a fixed limit y which depends only on coefficients of the quadratic 
form )> >> aijx;x; and on the choice of the set (ZL) of simplexes. By virtue of (10), one can write 


l l 
Fir.) (4 $1 +2n) = 0 where |~o| <y. 


By substituting in the formula (7) the results obtained, one will present it under the following form 


Mn o> So aijeie; + €9 + > «es) =2 S- pe er (tin = « = zi) (11) 
i=1 


In this formula, the coefficients €0, €1,..., €n do not exceed in numerical value a fixed limit which does not 
depend on numbers £1, £2,...,%n- 
81 
Let us determine the coefficients of 2p, in the formula obtained. 


To that effect, let us choose any one face P in n— 1 dimensions of simplexes of the set (L). Let us suppose 
that the face P is characterised by the systems 


(0), (ley), cts (l¢n—1)): 


Let us indicate by p the regulator and by +(p;) the characteristic of the face P with regard to the quadratic 
form )> >> a;;x;x;. One will suppose, on the ground of (4), that 


Spits <0. (12) 
Let us suppose that the vector g is made up of points 
L, 
—++uz; where 0<u<1 
m 


and corresponding to a point (4) belonging to the set K possesses a point which is interior to a face P’ 
congruent to the face P. 
By supposing that the face P’ is characterised by the systems 


(gi); (li a gi); heey (lin-1, 9); 
one will have, on the ground of the supposition made, 


n-1 n-1 


L; 
= + uci =~ 94(gi + ix) where SI, =1 and 9, > 0. 
a + ux 2. n(gi +lin) where 2 k and J, > 


The corresponding value of the coefficient of 2p in the formula (11) is expressed by the sum 


S- So pillin = 7 — £3) (14) 


which extends to all the faces P’ congruent to the face P verifying the equalities (13), provided that the 
points (4) belong to the set K. 
Let us indicate, to make short, 


So pia =—-A (15) 


One will have, because of (12), 
A>0. 


As the system (l;,) in the sum (14) indicate any one vertex of the face P’, one can write down 
lin = gi, 
and the equalities (13) and (15) give 


n ij 
) 4 4 -——-x;,)=(1-u)A. 
a? (0 m ni) ( i) 


Therefore, the study of the coefficient of 2p in the formula (11) comes down to the evaluation of the sum 


So(1-wA where 0<u<1. (16) 
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82 
Let us designate, to summarise, 
—mgi tl = hi. (17) 
The parameter u verifying the equalities (13) is expressed by the formula 
1 
u= ax Piha: (18) 


and as 0 < u < 1, it becomes 
0< SE pili < mA. 
By indicating with 7 the integer verifying the inequalities 


0<r<mA, (19) 


So pihi = Ti (20) 


By virtue of (18), the corresponding value of the parameter wu will be 


let us write 


42k 
~ mA’ 
Let us substitute the expression found of the parameter u in the equalities (13), it will become, because 
of (17), 
n-1 n-1 
= 
at +hy = Oe where 2 <land && >0. (21) 


(k = 1,2,...,n—1) 


This stated, let us notice that one can attribute to the number 7 an arbitrary value verifying the inequalities 
(19). For similar values of 7 to exist, it is necessary that 
mA > 1, 


Let us suppose that the positive integer m satisfies this condition. In this case, the finding of the sum 
(16) comes down to the solution of a sum 


rT<mA 
% 
Sia-wAas Yo m(A- =) (22) 
T>0 
where m, indicates the number of systems (hi) of integers hi,ho,..., hn verifying the equalities (20) and 


(21). 
83 
It is easy to determine the number m,. 


Let us indicate by (h?) a system of integers verifying the equality 


S- pik? =1. (23) 


As, on the ground of the supposition made, the integers p1, p2,..., Pn have no common divisor, the systems 
of integers verifying this equality always exist. 
One will determine all the systems (h,;) of integers verifying the equality (20) with the help of formulae 


n-1 
hy = rho fe x Thlik (24) 
k=1 
where the rational numbers 71, 72,...,7n—1 belong to certain sets 
Th = Eke + Yk; (k =1,2,...,.n—1;r =1,2,...,w) (25) 


w being the greatest commondivisor of n determinants of the order (n — 1)? which one can form from n— 1 


systems 
(lin), (liz), Pea (lin—1). 


By substituting the expressions of hi, h2,...,hn derived from equalities (24) in the equalities (21), one 


obtains 
n-1 
qn + rhe = Dor ae Tr )lin. (26) 
-1 


Let us notice that the numerical value of the determinant of n systems 


(xi), (lit), SELAD | (lin—1) 
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is expressed by the formula 


L1 x2 Bae ban 
+ lit lor ae Ina 


= S- vipiw =wA. 


lin—1 lo n—1 lnjn—1 


Let us indicate by Aix, A2k, - 


ep Anke (RSH, 2s. 
equalities 


.,m—1) the minor determinants which are defined by the 
So indi =wA, (k=1,2,...,n—1) 
i=1 


So riexi = 0, So Aitdir =0. (r=1,2,...,.n-—lj;r#k) 
The equalities (26) give 


T >> diwh? = wA(mdx — Te); (k =1,2,...,n-—1) 
and as a result 


a 
m0n = T+ SK Deh? (k =1,2,...,n—1) 
By virtue of (21) one obtains the inequalities 


ts ho _ _ 
Th + D_Aiwht > 0, (k =1,2,...,n—1) 


n-1 
= A? 
dn + ok S- NiKhj) <m. 
Considering the set (25), one finds 


T : 0 
ue + Er + —~ Dd Aikht > 0, 


n-1 


(k =1,2,...,.n—-1) (27) 
2 (Cs + x > rh?) <m. . 


k=1 
Let us write 


F 
UnSkr + Dinh? = he + He where O0<m<i1 (k = 1, 2,. .;na—1) 


and 
n-1 
Sov =a) +v where 0<v <1, (28) 
k=1 
Yi,--.;y,-1 and a”? being integers. 


The inequalities (27) will be replaced by the following ones: 


n-1 


Se gee rea ey, Ye > —Ves (k =1,2,...,n—1) 
k=1 

or differently 
n-1 
Souk <m-—a -1 and y, >0. (k=1,2,...,n—-1) 
k=1 


The number of systems (y1,y,---,Yn—1) of integers verifying these inequalities is equal to 


(m—a)(m+1—a)---(m+n—2- a”) 
To 0Gp=1) 


One concludes that the symbol m, which expresses the number of solutions of equations (20) and (21) in 
integers is equal to the sum 


oo = 1-2---(n—1) 
84 
By substituting in the sum (26), one obtains 


T<mA 


ee oe pp ere 


= ee eee (29) 
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Let us find a value approached by the sum obtained. By noticing that because of (28) 
(<a Sei, 


one can write 


5 ee Wo nad 
: 1-2---(n—1) ~ (n—1)! 
= 


where |d:au| does not exceed a fixed limit which doesnot depend on the number m. 
By substituting in the sum (27), one finds 


T<mA te T<mA = 
WwW 2 n-1 
rae = ——_ A-— A 
a ( =) mr (n—1)! 2 ( nee o 
T>0 T>0 
where |d| does not exceed a fixed limit which does not depend on £1, £2,...,£%n and on the number m. 
By noticing that 
r<mA 
A 1 
3 (a-=) Sn! yD eee 
m 2 2 =m 8 
T>0 
one can write 
T<mA = 1 wh? : 3 
A-——)m, = =———m" rm" (6A + 5A +6" 30 
Se (4B) = bethge emt ta? toa on 


where 6,6’, 6” do not exceed in numerical value a fixed limit. 
By substituting in the formula (11) the coefficient found of 2p, one will have, because of (19), 


m"(S> So aij ia; +€o + ye Li) = at D_, peel) pits) 


i! (31) 
+m" S- 2p [dn (D> pinwi)” + On So pine + dn]: 
k=1 


In the formula obtained the coefficients €0, €1,.--, €n; Ok; 5p, 0 (Kk = 1,2,...,0) do not exceed in numerical 
value a fixed limit which depend only on coefficients of the quadratic form )* )> aj;x;2; snf on the choice 
of the set (L) of simplexes. 

Let us replace in the formula obtained the numbers #1, £2,...,%n by the numbers mx1, m%2,..., man. As 
these numbers satisfy the conditions imposed on the numbers 21, 42,...,2n, the formula (31) is applicable 
and one obtains 


m”-2 o 
m” (m? S- S| aijain; +€ +m S> € Zi) = (n—1)! De Pee eae 
+m" S- 2pr[dem’(S_ pinws)? + d,m So pina + dx]. 
k=1 


By dividing the two parts of the formula obtained by m”*?, let us make the positive integer m increase 
indefinitely, it will become 


S- Saisie = Goa So prwe (pine + porte +... + Dnk&n)°. (32) 
k=1 
The sum which is found in the second member of the formula obtained extends to all the incongruent 
faces in n — 1 in n — 1 dimensions of simplexes of the set (L). 
We have deduced the formula (34) by supposing that the numbers x1, %2,...,%n form a irreducible basis. 
As the two parts of the formula (32) present two quadratic forms, one concludes that the formula (32) 
present an indentity. This results in that the formula (32) can be written 


n n oe n n 
SY aijaij = wail Se pawe S>S- aijpinp se (1) 
k=1 


i=1 j=l i=1 j=l 


n n 
pe= So DovlPay, (=1,2,---50) 


i=1 j=l 


where one has written 


the two quadratic forms > > aijaixj and D> >> aj;a:x; being arbitrary. 
Section V. 
Properties of the set (A) of quadratic forms 


Ph.D. Thesis, UMIST. K N Tiyapan. Appendix F: Translation 


corresponding to the various types of primitive parallelohedra. 


Definition of the domain of quadratic form 


corresponding to a type of primitive parallelohedra. 
85 
Let us suppose that a type of primitive parallelohedra is characterised by a set (ZL) of simplexes. 


Let us indicate by 
k 
pr = >> oP ais (k =1,2,...,¢) 
the regulators which correspond to the various incongruent faces in n — 1 dimensions of simplexes of the set 
(L). 
Definition. One will call domain of quadratic forms corresponding to the type of primitive parallelohedra 
characterised by the set (L) of simplezes a domain A in quadratic forms verifying the inequalities 


pv pe ag BO HA, 2 50) (1) 


On the ground of the fundamental theorem of Number 77, for a quadratic form f to define a set (R) 
of primitive parallelohedra belonging to the type characterised by the set (L) of simplexes, it is necessary 


and sufficient that the form f is interior to the domain A. This results in that the domain A is of B(nt1) 


86 dimensions. 
Among the inequalities (1) can be found dependent inequalities. Let us suppose that one has chosen a 
system of independent inequalities 
pi = 0,p2 2 0,...,; Pm = 0 


which define the domain A. With the help of independent regulators p1, p2,..., pm one will present all the 
regulators under the form 


m 
pr = Sa” pr where hM*) > 0. (r =1,2,...,mjk =1,2,...,0) (2) 


r=l1 
Let us observe that any one quadratic form 5) )> aijx:2j does not verify the equations 
pi = 0, pe =0,.-.; Pm =0 


because the equalities (2) give 
pe=0, (k=1,2,...,0) 


and, by virtue of the formula (I) of Number 84, one has 


LDavel =o 
Yo i ajj;eia; being an arbitrary form; it follows that 


ayy =0. (© =1,2,...,n37 =1,2,...,n) 


To the domain A, therefore, the conclusion deduced in my first mémoire cited } are applicable. 
Let us indicate by 
Pl, P2,---5Ps (3) 


the quadratic forms which characterise the various edges of the domain A. 
The domain A of quadratic forms will be determined by the equalities 


So aijxia; = SS ue ge where uz, >0, (k=1,2,...,8) 
u=1 


U1,U2,...,Us being positive arbitrary parameters or zeros. 
Let us notice that by virtue of the formula (I) of Number (84), each form y;(k = 1,2,..., 8) of the series 
(3) will have for expression 


Pr= S- AM (piper + parte +... + Pnrtn)? 
r=1 
where A? >0. (r =1,2,...,0;k =1,2,...,0) 
Properties of independent regulators 


87 
By keeping the notations from Number 69-74 let us suppose that a simplex L of the set (L) is characterised 


by the systems 
(lio), (li), 224.5) (lin). 


Let us suppose that among the regulators 


PO; P1;+++5Pn 


{ This journal V. 133, p. 97 
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which correspond to the various faces in n—1 dimensions of the simplex L, is found at least one independent 
regulator. Let us suppose, to fix the ideas, that po is a similar regulator. 

Let us indicate by L; (k = 0,1, 2,...,n) the simplexes which are contiguous to the simplex (L) through 
the faces in n — 1 dimensions characterised by the systems 


(lin). (h=0,1,2,...,n;k Ak; k =0,1,2,...,n) 


Let us suppose that by replacing in the simplex L the vertex (1;,) by a vertex (lj,,), one obtains the simplex 
Ly (k =0,1,2,...,n). 
By virtue of the formula (6) of Number 73, one will have 


2pk S- pie (lin — Tie) = Fury) (Gis beers tne). (K = 0,1,2,..., nh  ) (1) 
Let us admit n - 
lin = > Olax where 5” 0") =1. (ek =0,1,2,...,n) (2) 
k=0 r=0 


As, because of the inequality (14) of Number 70, 
S- pir (lin —lix) >0, (R#k) 


it becomes, by virtue of (2) 


0 <0. (k=0,1,2,...,n) (3) 
Let us examine the numbers Rend ‘i 
90, 01,---5 Bn (4) 
which correspond to the independent regulator po. One will have, because of (3), 
oy = 0. 
I say that among the numbers 09, 38,..., 9° at least two numbers are positive. As Ree 02 = 1, it is 


evident that at least one number, for example J°, will be positive. Let us suppose that J° is the only 
positive number in the series (4). 
Let us indicate, to fix the ideas, 


95 SU Misi, Dy <0, Oya HO ss Ot = 0,0, > 0. (5) 


The corresponding value of the function F(z) (lio, ---,n0), by virtue of the formula (4) of Number 78, can 
be presented under the form 


F(t) (lio, «+ « sno) = S- Sais (lio — bin) Uo — Lin) 
rN 
a So ve > So aig (lie — lin) (jr — Un). 
k=0 


By virtue of the formula (I) of Number 84 and of inequalities (5), one can present this equality under the 
form 


(6) 


Fix) (lio, wixdao) = So hr br where h, > 0, 
r=1 


and as on the other hand, because of (1) 


20 S© pio (lin — To) = Fix) (lio, ---s tno), (7) 
it becomes 


po= S- gr br where gy >0. (r=1,2,...,¢) 
r=1 
We have supposed that po is an independent regulator, therefore it is necessary that 
g2 = 9 so long as a regulator p, is not proportional to po. 


The formula (6) gives 
b> So ais (Lio = lin) (Bo —jn) = 6po where 6 > 0, 
S So ais (lik — lin) (ljx — tin) = depo where pr > 0. 
(k =0,1,2,...,) 
It follows that one has identically, 


x S > ais (lio —lin) jo — bn) = > So ais (lik — lin) (jm — Ujn)- 
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For this identity to hold, it is necessary and sufficient that 


eer ee athe ae, 


By virtue of Theorem I of Number 51, the numbers Jig — lin (i = 1,2,...,n), and liz —lin ( = 1,2,...,n), 
do not have common divisor, one concludes that 


Uo = Lins 
which is impossible. 
Let us indicae, to fix the ideas, 
96 < 0, 89 <0,..., 8% < 0, 041 =0,..., 89 = 0,004, > 0,..., 82 >0 (8) 


where \ > 0 and wp < n-2. 
88 
Theorem: By replacing in the simplex L the vertices (lin), k =0,1,2,...,A, successively by the vertex (lig) 


one will obtain the simplexes 
Lo, 1i,..., Ly (9) 


which are contiguous to the simpler L and one to one by the faces in n—1 dimensions the regulators of 
which are proportional to the regulator po. 
Let us apply the formula («) of Number 74 to the simplex L and L; (k = 0,1, 2,...,); one will have 


Fay (ho: aoe) tno) i Fir,) ios ayeaaeg tho) + 2pk S> pir (lin = lig) 
(h#kjn =0,1,2,...,2) 


By virtue of (8), one obtains, 
S pinlin — Uo) > 0. (A # hk =0,1,2,...,2) 
In view of (8), one finds 
Foz,)(lio;---,tn0) = Skp0 where 6, >0 (k=0,1,2,...,.) 


and 
Pk =Uppo where uz > 0. (k =0,1,2,...,A) (10) 


On the grounds of (1) and (7), it becomes 
Fir) (in; ssi Lik) — weF ty (lio, rye Tho) where wz > 0. (k = 0,1,2,...,A) 


The equality obtained presents an identity with regard to the coefficients of the quadratic form )> > aij 2423. 
One derives, because of (2), the equalities 


2 
k k F 
(¥ ’) ~ 9 = wp ((02)? — 8), (¢ =0,1,2,...,) 
0s us ) = wedi VS. (¢=0,1,2,...,m;7 =0,1,2,...,n;¢ 49) 
As 7”, 0S =1 and 7"_, 09 = 1, it is necessary that w, = 1 and 


0) = 99, (i =0,1,2,...,n) 
therefore 
Leeds (S012) 


The formula (1) becomes in this case 


2pk S- pir (lin = lio) = Fir) (lo; on - tno): (h # kk = 0, 1, 2, sve .,A) 


Let us notice that the simplexes 
L, Lo, In,..., Ly 
make up a group of perfectly determined simplexes corresponding to the independent regulator po. That 
which we have mentioned concerning the simplex L can be related back to all the simplexes of the series 
(9). All the simplexes which remain L)+1,...,Ln are contiguous to the simplex L through the faces the 


regulators of which are not proportional to po. 
89 
Let us notice that the simplexes (9) make up a convex polyhedron K having n+ 2 vertices 


(lio), (tio), -- + 5 (Lin). 


In effect, all the points of simplexes (9) belong to polyhedron K made up of points determined by the 
equalities 


n n 
x4 = uli + So uelix where w+ So ue =1 and u>0,uz > 0. (11) 
k=0 u=0 


534 Ph.D. Thesis, UMIST. K N Tiyapan. Appendix F: Translation 


(k =0,1,2,...,n) 


I argue that any point (x;) determined by these equalities belongs to at least one of simplex (9). 
Let us suppose, in the first place, that one has the inequalities 


Un +ud2 >0. (k=0,1,2,...,n) 


One will present the equation (11), because of (2), under the following form: 
i= So (ue + wd liz 
k=0 


and, as }0,_ (ux + w0g) = 1, one concludes that the point (a;) belongs to the simplex L. 


This laid down, let us suppose that at least one of numbers uz + w2, k = 0,1,2,...,n, is negative. Let 


us choose among the numbers 
Uo U1 UX 


Bo? wy we 
which are all negatives or zeros, because of (8) and (11), a number 3§ the numerical value of which is 
x 


the smallest. The point (x;) determined by the equalities (11) belongs in this case to the simplex L,. To 
demonstrate this, one will present the equalities (11) under the form 


= Uk \ » Op ; _ ‘ 
“= (u+ Fr) ho + > (ue — eS) lie (r= 0,1,2,...,n,7r#k) 


On the ground of suppositions made, one will have the inequalities 


ES aoa 8S Oe SU 
Dk Ox 


and, as 
Uk Op 
ke Uk oe (u. ae 7) aol 


one concludes that the point (z;) belongs to the simplex (Lz) (u = 0,1, 2,..., 2). 
Let us examine the faces in n — 1 dimensions of the polyhedron K. On the ground of conditions (8), the 
polyhedron K possesses yp — faces in n — 1 dimensions Q, which are characterised by n+ 1 vertices 


(io), (lin). (h=0,1,2,....m4khARKK=A+1,...,p) 


The vertex (1;,) where k = X+1,...,p is opposite to the face 6,(k = XA+4+1,...,p). 

All the faces in n — 1 dimensions of the polyhedron K which remain are characterised by n vertices. One 
will characterise them in the polyhedron K by two opposite vertices. 

One obtains in this way n — p faces P, (k = wt 1,...,n) of the polyhedron K characterised by two 
opposite vertices (Ui,) and li, (Kk = w+1,...,7) and one obtains (A+1)(n—p) faces Pgna(h = 0,1,2,...,Ak = 
p+1,...,) characterised by two opposite vertices lj, and lin. 


90 
Let us notice that the polyhedron K is contiguous through the faces Qx (k = A+ 1,...,) to other 


independent regulator po. 
to demonstrate this, let us examine the simplex L;, (k = A+1,..., 4) contiguous to the simplex L through 
the face in n — 1 dimensions characterised by the vertices 


(lin). (R=0,1,2,...,.n RAK K=AH1,...,p) 


This face presents a part of the corresponding face Q; of the polyhedron K. 
By applying the formula («) of Number 74 to the simplexes DL and Lx, one obtains 


F(1y (thos «++ tno) = Feng) (tios + «s tno) + 2p > pin (lin — Uo) 
where h#k and n=A+l1,..., ys. 
On the ground of conditions (8), one will have 
S > pi(lin — Uo) = 0, (K=A+1,...,p) 

therefore, because of (7), 

Fr,) (lio; wseghio) = Fi) (lio,-- +; tno) = 2p0 S- pio (lin — lig). 

(hZ£0j;K=A41,...,u) 
As the point (19) is not found among the vertices of the simplex L;, it is necessary that among the 


regulators of faces of the simplex L;, are found, by virtue of the equation obtained, regulators which are 
proportional to po. 
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By noticing that 
—_ SS dhlin + O2li,, where Soo +92 =1 
(h=0,1,2,....n;h AkjkK=A+1,...,p) 


since because of (8), 32 = 0 (k = \+1,...,), one concludes, on the ground of the previous theorem, 
that by replacing in the simplex L, the vertices (lin) (h = 0,1,2,...,A) by the vertex (l/,) one will obtain 
a group of simplexes 
» 
Be BL gE. eS NIN hi (12) 


which are contiguous one to one by faces in n — 1 dimensions the regulators of which are proportional to po. 

Let us indicate by K;, the convex polyhedron made up of simplexes (12). One obtains the polyhedron K, 
by replacing in the polyhedron K the vertex (1;,) by the vertex lj, (k = A+1,...,). One concludes that 
the polyhedra K and Kk; are contiguous through the face Qx. 

Let us examine other faces of the polyhedra K. The face Py (k = »+1,...,n) belongs to the simplex L 
which is contiguous through the face P, to the simplex L;. The regulator py, (k = w+1,...,n) of this face 
can not be proportional to the independent regulator po. 

It may turn out that any one of regulators corresponding to the various faces of the simplex L, is not 
proportional to the regulator po. In this case, the polyhedron K will not be contiguous through the face P, 
to any one analogous polyhedron corresponding to the independent regulator po. 

It may also turn out that among the regulators of faces of the simplex L; are found regulators which are 
proportional to po; in this case, the simplex L;, belongs to a convex polyhedron K;, which is contiguous to 
kK through the face P, (k = w+1,...,n). 

In the same way, one will examine the analogous faces P,, of the polyhedron K (h = 0,1,2,...,A;k = 
p+1,...,n). 

By applying the procedure shown to the various incongruent simplexes of the set (L), one will determine 
the incongruent convex polyhedron 

yay ce ea ae 
which are made up of corresponding groups of simplexes belonging to the set (L). 
Reconstruction of the set (L) of simplezes by another set (L’) of simplezes. 
91 
One can partition the convex polyhedra 
K,Ki,...,Ku-1 (1) 


corresponding to an independent regulator p into new simplexes. 
By keeping the previous notations, let us examine the convex polyhedron K made up of simplexes 


js eee Oe (2) 
The polyhedron K possesses n + 2 vertices 
Gti): 
it Theorem. By replacing in the simplex L characterised by the vertices 
(dio), (a1), .- +, (lin) 
a value (liz) by the vertex (;) where k = 4+ 1,...,n, one obtains n — py simplexes 
(Ee Re? Ea (3) 


which also make up the polyhedron K. The simplexes obtained do not belong to the set (L) of simplexes. 
Let us write, as we have done in Number 87, 


t= So delix where S> Ie =1 (4) 
k=0 k=0 
and 
Vo < 0,01 <0,..., 02 <0, 0,41 =0,...,0, = 0, 0y41 >0,...,0n >0. (5) 


It is clear that each point of simplex (3) belongs to the polyhedron K. 
Let (z;) be any one point of the polyhedron K determined with the help of equalities 


n 
x, = uli +S unliz where u+ S> ux =1u>0,u, > 0. (k=0,1,...,n) (6) 
k=0 


Let us choose among the numbers 
Up+1 Un 


Busi prey On 
the one which is the smallest. Let us suppose, to fix the ideas, that 


u Uk 
Too (r=p+l,...,n) 
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I argue that the point (x;) belongs to the simplex L',. In effect, the equality (6) can be speculated, because 
of (4), under the form 


Uk \ » a) 
: y — | lin. =0,1,2,...,n; 
x (ut S) i+ 2 (un Ue line (h=0 nh # k) 


By observing that 


ut H>0, nut 20, (h =0,1,2,...,n:h#k) 


On 
and that 


u v 
rr 9 aes be (h =0,1,2,...,2:h) 
one concludes that the point (x;) belongs to the simplex Li, (k = w+ 1,...,n). 

The simplexes (3) can not belong to the set (LZ), because this set, by virtue of Theorem I of Number 61, 


uniformly partition the space in n dimensions. 
92 
Let us suppose that one has replaced in the set (L) the group of simplexes (2) by the corresponding group 


(3). Let us suppose that one has effected this reconstruction of simplexes of the set (ZL) with regard to all 
the polyhedra which are congruent to the polyhedra (1). One obtains in this way a new set (L’) of simplexes 
which enjoy the following properties. 

1. The set (L') of simplezes uniformly fills the space in n dimensions. 

2. The set (L’) can be divided into classes of congruent simplezes and the number of different classes is 

nite. 
i Let us find the regulators and the characteristics of faces in n — 1 dimensions of simplexes belonging to 
the set (L’). 

Let L’ and Lo be any two simplexes of the set (L’) which are contiguous through a face P in n — 1 
dimensions. Suppose that the two simplexes L’ and Lp also belong to the set (L'). In this case the regulator 
and the characteristic of the face P in the set (L’') do not change. 

Let us suppose that at least one of the simplexes examined does not belong to the set (L) of simplexes. 
This simplex will belong in this case to a polyhedron which is congruent to a polyhedron of the series (1). 
Let us suppose to fix the ideas that this is the polyhedron K. 

By noticing that the simplex examined is found among the simplexes (3) let us choose one of these 
simplexes Li, (k = wt+1,...,7) and examine the regulators and the characteristics of all these faces in n —1 


dimensions. = . ; : : : 
By virtue of the definition established, the simplex Li, is characterised by the vertices 


(lio), «+5 (tena), (%), (igi), ---5 (in). (R= p+1,...,n) 


Let us indicate by P,, a face in n — 1 dimensions of the simplex Li, which is opposite to the vertex 
(lin) (h = 0,1,2,...;h #k). By P, let us indicate the faces of simplex Li, which is opposite to the vertex 1}. 
All the faces in n — 1 dimensions of the simplex Li, can be divided into three groups: 


1. Por, Piz,.-+; Prk and Px; 
2. Pyitp,-- +) Pur; 


3. Putte; eRag Pima ck; Pr+i,k; rer ae Prk. 


93 
Let us find the regulators of faces of the simplex Li, belonging to the first group. 


Let us examine, in the first place, the face P,. As the face P;, is characterised by the vertices 


(lio), --- 5 (di,e—1); (lie+1), +++; (lin), 


it presents a face of the polyhedron K. 

In the set (LZ) the face P, would belong to two simplexes L and Ly. Two cases to distinguish: 

First case: the simplex L, belongs to the set (L’). 

Let us indicate by p, the regulator and by (Pix) the characteristic of the face P, in the set (L) with regard 
to the simplex L. 

Let us indicate by pj, the regulator of the face Py in the set (L’). The characteristics of the face P;, in the 
set (L’) with regard to the simplex Li, will be (Pjx). 

By virtue of the definition established in Number 73, one can declare 


Foy) lis++-stn) = pe Yo (—pie lin — i). (a # fi) 
By applying the formula (*) of Number 74 to the simplex L and L;, one obtains 


Fry (liy+++ stn) = Fly) Gis -+-stn) + 2p > pinllin — Uj). (a # b) (7) 


It follows that 
Fury (4, ake i) 


Mie ee B 


Pk = pk + 
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We have seen in Number 87 that the function F(;)(I{,...,,) is proportional to the independent regulator 
p. As, by virtue of (5), 


S\ pin(—lin +4) >0, (RAK R=A+1,..., 0) 
the formula (8) can be written 
Pr = pkr+6rp where 6, > 0. 


Second case: the simplex Ly does not belong to the set (L’). 

In this case the simplex L;, belongs to a convex polyhedron Ky and the face P;, will belong in the set (L’) 
to two new simplexes. 

The face P;, in the set (L’) belongs to the simplex Li, and to a simplex which one obtains by replacing 
the vertex 1, of the simplex L, by a new vertex which one will indicate by (I?). Let us indicae by L? the 
simplex which one obtains by replacing in the simplex L;, the vertex l, by the vertex (I). 

By virtue of the definition established in Number 73, one will have 


By applying the fundamental formula (+) of Number 74 to the simplexes L;, and Li, which are contiguous 
through the face P,, one obtains 


Fir, (i, --- stn) 


Fay Gi acsh) = Far (tt, at Spire )(lin = pia = 2) 
and, because of (7), it becomes 


For) (hi, +- bn) Fur, (a,.--, 02) 
2> 2 pin(—lin +U) 2S pin(lin — BY 
On the ground of the supposition made, the functions 
Fath, sey I) and Fu, teey 1?) 
are proportional to the independent regulator p. As 
S> pie (—lin +1;)>0 and S > pin(lin -2)>0, (k=pt+1,...,n) 


the formula (9) can be written 


Pr = pet (9) 


Pr = Pk + Sep where 6, >0. (kK=p+1,...,n) 


In the same way, one will examine the regulator of the face P,4;(h = 0,1,2,..., 2). 
As the face Pp, belongs in the set (L) to the simplex LZ, (h = 0,1,2,...,A), one concludes that by 
designating the simplex Lp, with the simplex L one will return to one of the two previous cases. 


Let us find the regulators of faces of the simplex Lj, belonging to the second group. Choose one face 
Par (hR=XA4+1,...,u3k =pwt1,...,n) in this group. 

The face Pp, presents a part of the face Q;, of the polyhedron K. 

We have indicated in Number 90 by A), the polyhedron which is contiguous to the polyhedron K through 
the face Q;. The polyhedron K;, posses n + 1 vertices 


(05), (lio), --- 5 (tin—1), (lin), (lint), -- +5 (lin)- 
In the set (L’), the polyhedron K;, is partitioned into simplexes 


1 y 
Lustyas srt ’nh 


which one obtains by replacing in the simplexes 
Lie; sey Li, 


the vertex (l;,) by the vertex (lj,) (h=A+1,...,p). 
One concludes that the face P,, belongs to the set (L’) to two simplexes 


Li, and Ey : 


Let us indicate by p},, the regulator corresponding to the face Phx in the set (L’). Notice that the 
characteristic (P;,) will be the same for all the faces P,~ where k = + 1,...,n because these faces make 
up the face Q; of the polyhedron K. 

In the set (ZL), the face Q;, is partitioned into faces 


Pa, Phos. ++5 Pha 
of simplexes DL, Lo,...,£, which have the same characteristic (pj,). One concludes that 
Pin = Pin, 


provided that the characteristic (pjn) is chosen with regard to the simplexes (2). 
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By virtue of the definition established in Number 73, one can write 
Ft.) (liny ++; Lnn) = Pre S- pin (lir —Uy,). (7 #h) 
By applying the formula (*) of Number 74 to the simplexes L and Li,, one will have 
Fu (lis «+ +5) 
Fry Gas --+s Lan) = Footy Uins + Ban) + © pin (lin - Un) alec 


Besides, one has 
Fr) (tins +--+ Lan) = 2pn S> pin(lir —Un), (r FA) 
and consequently 
, > vik (lir — Ui) For (li, --- stn) 
Pre Ph Sy LT | oS 
Yo pin(lir —U,) 2 3 (pin — lin +: 4) 


One can thus write : 
Prk = Ph + Onkp- (h=A+1,...,wk=pt+l1,...,n) 


In the formula obtained, the number 6; can be positive, negative or zero. 


95 
Let us find the regulators of faces of the simplex Li, belonging to the third group. Let Pr, be a face 


belonging to this group, h = wt+1,...,n, h#k, k=pt1,...,n. The face Py, belongs in the set (L’) to 


two simplexes Li, and L}, of the series (3). By replacing in the simplex L}, the vertices (ljn) by the vertex 


(liz), one obtains the simplex L;,. This results in that by indicating with pax the regulator and with (pe ) 


the characteristic of the face Py, with respect to the simplex Lj,, one will have 
Fit (lik,---, lnk) = Phe St he — iz). (r#hjyr Zk) (10) 


The equality (4) can be written 
Ts Or 
tk = 77 97 | Mir: = dS Aging 3 
lik rae ( a)! (r=0 nr #k) 


By noticing that 


one will determine the value of the function F(z, \(liz,---,4ne), by virtue of the formula (4) of Number 73, 


by the equality 
Fors (hes kjbaae)yS SS aaslinlys = a So aiilit 
tPF Valet (r= 0,1,2,...,.n,r #k) 


By recalling that because of (4) 


Fury... 4) = So ait a Soo So > aaglinlse, 
k=0 


and by comparing the two equalities obtained, one finds 
1 
OK 


By substituting in the formula (10) the expression found of the function Fur) (liz,.--,lnk), one obtains 


Foot (lay -- +s Ink) = —>—Feay (lyst): 


1 Fay (i, --- sth) 


Ve 257 ph (1; = liz) 
(h=ptl,...,nj3k =ptl1,...,.nhAkjr Zk) 


U — 
Phk = 


One concludes that by admitting 
Phe = —Onep, (h=ptl,...,nk=ptl,...,uhFk) 


one will have dn% > 0. ; ; ; ; : ; 
Algorithm for the study of domains of quadratic forms which are contiguous to a given domain through 


the faces in nine) 
96 


—1 dimensions. 


Let us suppose that a domain A of quadratic form corresponding to a type of primitive parallelohedra 
which is characterised by the set (L) of simplexes is defined by the independent inequalities 


pr>0. (k=1,2,...,m) 
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Let us suppose that one of these regulators is proportional to an independent regulator p and construct 
the set (L) of simplexes in another set (L') with the help of the procedure shown in Number 91-92. 
Let us indicate by 
P1; P2;--+5Po 


all the regulators of incongruent faces of simplexes belonging to the set (L) and indicate by 


yoy ’ 
Pi; P2)+++>Pr 


all the regulators of faces of simplexes belonging to the set (L’). 
We have seen in Number 93-95 that all these regulators can be presented under the form 


ae Pr = —Onp where 6d, > 0, a) 
or pk = pk + denp 
so long as a regulator pj, is not proportional to p. 
Let us examine the domain D’ of quadratic forms determined by the inequalities 
pr >0. (k=1,2,...,7) (2) 


I argue that these inequalities define a domain of quadratic forms in a(n) dimensions. By supposing 
the contrary, one will find the parameters uz, (k = 1,2,...,7) positive or zero which reduce into an identity 
the equality 


So wep =0 where uz >0. (k= 1,2,...,7) (3) 
k=1 
By virtue of formulae (1), this identity can be written 


So vepe £ vp =0 where uy, >0. (k= 1,2,...,¢) 
k=1 


As the regulator p is independent it is necessary that v; = 0 as long as a regulator p; is not proportional 
to p. This results in that within the identity (3) one also has uz, = 0 so long as a regulator pi}, is not 
proportional to p. By virtue of (1), the identity (3) takes the form 


So un(—dep) =0 where uz >0 and d, > 0, 


which is impossible. 
The domain A’ defined by the inequalities (2) corresponds to a new type of primitive parallelohedra 
characterised by the set (L’) of simplexes. 
Let us notice that by virtue of inequalities (1), any quadratic form which is interior to the face of the 
domain A determined by the equation 
p=0 (4) 


belongs to the domain A’ and vice-versa. One concludes that the two domain A and A’ are contiguous 
through the face in aint) — 1 dimensions determined by the equation (4). 
Set (A) of domains of quadratic forms corresponding to the different types of primitive parallelohedra. 


With the help of the algorithm explained in the previous Number, one can determine the domains of 

quadratic forms 
Ag Aas, Ag (1) 

which are contiguous to the domain A by their faces in aint) 
domains which are contiguous to the domains (1) and so on. 

Let us indicate by (A) the set composed of all the domains of quadratic terms which correspond to the 
various types of primitive parallelohedra. 

Theorem I. The set (A) of domains of quadratic forms uniformly divides the set of all the positive quadratic 
forms in n variables. 


— 1 dimensions, then one will determine the 


Let y(a1,22,...,2%n) be an arbitrary positive quadratic form. Let us choose a form yo(#1, %2,...,%n) 
which is interior to the domain A and let us examine a vector g made up of forms 
f=o0+u(y— yo) where 0<u< 1. (2) 


By making the parameter u grow in a continuous manner in the interval 0 < u < 1, one will determine a 
series of domains 
IN A GAMO (3) 


an — 1 dimensions and which contain the various 


which are successively contiguous through the faces in 
forms of the vector g. 

I argue that the series of domains (3) will always be terminated by a domain to which belong the given 
quadratic form yp. 


To demonstrate this, let us indicate by 


(lit), (liz),---, (liz) where 7 = 2” —1 (4) 
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the systems which characterise the faces in n — 1 dimensions of primitive parallelohedra belonging to the 
type which corresponds to the domain A of quadratic form. 
Let us indicate by the symbol N(f) a sum 


N(f) = D0 Fllin,--- stn) 


h=l 
of values of a form f(x1,22,...,%n) corresponding to the systems (4). 
Let us indicate, similarly, by 
k k k 
OP), CD)... (GP) where r= 2" -1 (5) 


the systems which characterise the faces in n — 1 dimensions of primitive parallelohedra belonging to the 
type which corresponds to a domain A“) of the series (3) and declare 


NOP) = PGR UP). (k= 1,2,...) 
h=1 


We have seen in Number 95 that the systems (4) and (5) are congruent with respect to the modulus 2. 
By virtue of the theorem of Number 48, one will have an inequality 


NEY SN OF. eH 1 ae0) 
as long as a quadratic form f is interior to the domain A. This results in that the inequality 
N(f) SNO(F) = 1,2...) 


holds providing that a form f belongs to the domain A. 
This stated, let us notice that by virtue of the supposition made, the form Yo is interior to the domain A, 
therefore one will have the inequality 


N(go) < N“ (go). (k =1,2,---) (6) 


Let f be a form of the vector g which belongs to the domain A“? of te series (3). 
One will have an inequality 


N(f) > NO (A). (7) 
By noticing that because of (2) 


N(f) = (1—u)N (go) + uN(¢), 
N“ (f) = (1- WN“ (yo) +un™ (y), 


the inequality (7) can be written 
u[N(y) — N (¢)] > A — a) [N™ (vo) — N(¢o)] . 
As 0<u< 1, this inequality gives, because of (6), 
N“ (gy) < N(y). 


The quadratic form ¢ being positive, there exist only a limited number of different systems (5) verifying 
this inequality. Besides, there exist only a limited number of domains of forms belonging to the set (A) which 
are characterised by the same systems (5). One concludes this that the series (3) will always be terminated 
by a domain to which belong the given quadratic form ¢. 

Let us notice that a quadratic form y which is interior to a domain A does not belong to any other domain 
of the set (A), since the primitive parallelohedron corresponding to the quadratic form y will belong to the 
type characterised by the domain (A) and can not belong to any other type of parallelohedra. 

Suppose that a positive quadratic form ¢ is interior to a face P in a certain number of dimensions of the 
domain A. The set of all the quadratic forms belonging to the face P will be perfectly determined by a 
certain type of nonprimitive parallelohedra. One concludes that the form y can not belong to the domains 
which are contiguous through the face P. 


By effecting the various transformation of the set (A) of quadratic forms with the help of substitutions of 
integer coefficients and of the determinant which is equal to +1, one will do only the permutation of domains 
of the set (A). 

One concludes that the set (A) of domains of forms can be divided into classes of domains composed of 
equivalent domains. 

Theorem II. The number of various classes of domains belonging to the set (A) is finite. 

Let us choose any one domain A of the set (A) and let y be a form which is interior to the domain A. 
We have seen in Number 54 that the positive quadratic form can be transformed into another equivalent 
form y’ which enjoys the property that the system (4) corresponding to the form ¢y’ are made up of integers 


which do not exceed in numerical value a fixed limit. 
The form y’ is interior to a domain A’ which is equivalent to the domain A. 


As the domain A’ is characterised by the systems of integers which do not exceed in numerical value a 
fixed limit, there exist only a limited number of identical domains in the set (A). 
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With the help of the algorithm introduced in Number 96, one can successively determine all the represen- 
tatives 
Ay Ain Wet (8) 


of different classes of domains belonging to the set (A). 

The domains obtained enjoy the same property as the domains of quadratic forms which have been studied 
in my first mémoire cited. + It results in that the domains (8) can serve in the reduction of positive quadratic 
forms. By calling reduced the positive quadratic forms which belong to the domains (8), one obtains a new 
reduction method of positive quadratic forms which is entirely analogous to a reduction method of positive 
quadratic forms introduced in the cited mémoire. 

On the nonprimitive parallelohedra corresponding to positive quadratic forms. 


Let us suppose that a positive quadratic form y defines a primitive parallelohedron R. 

By virtue of Theorem I of Number 97, the form ¢ belongs at least to the domain of the set (A). The form 
y can not be interior to any one domain of the set (A) because otherwise the parallelohedron R would be 
primitive. 

Therefore the form ¢ belongs to one face of domains of the set (A). 

It results in that the coefficients of the form » verify one of many linear equations 


S- So pig ais =0 


to rational coefficients pj; (i = 1,2,...,n;7 =1,2,...,n) 

One concludes that a positive quadratic form > > a;j;2;7,; the coefficients of which present an irreducible 
basis can define only one primitive parallelohedron. 

Let us suppose that the examined form ¢ is interior to a face P to any one number of dimensions of 
domains belonging to the set (A). 

Let us indicate by 

De con A 

the domains of the set (A) which are contiguous through the face P. 

By virtue of that which has been stated in Number 97, one will have the equalities 


N(y) = N'(y) =.= NO (yg). 
One concludes that a positive quadratic form y can belong to only a finite number of domains of the set 
(A). 
Let us suppose that an infinite series of quadratic forms 


f 1; f Zyeee (1) 
is made up of forms which are interior to the domain A. Suppose that the forms of this series tend towards 
a limit ¢. 

The forms (1) define an infinite series of primitive parallelohedra 


aoe 


belonging to the one type characterised by the domain A which tend towards a limit R. 

One concludes that any nonprimitive parallelohedron R corresponding to a positive quadratic form y can 
be considered as a limit of primitive parallelohedra (2). 

Let us indicate by the symbol S, the number of faces in vy dimensions of the nonprimitive parallelohedron 
R and by S® let us indicate the number of faces in »v dimensions of primitive parallelohedron (2) (v = 
OP 52s. ore 1) 

As the faces of the nonprimitive parallelohedron R are made up of boundaries of faces of primitive paral- 
lelohedra belonging to the series (2), one concludes that 


Sr < So. (v=0,1,2,...,n—1) 
We have seen in Number 65 that 
So <(n+1— v)A®-) (m”)m=1; (vy =0,1,2,...,7) 


and consequently 


Sv<(nt+1—v)A%(m")m=a1, (v =0,1,2,...,n) 
Principal domain of the set (A). 


Let us apply the general theory introduced in this mémoire to a positive quadratic form 


f= nz; { nus t...4 nx, 2n102 — 2”1%3...— 2%n_-121n 
where one has admitted 
a1. =n and aj =—-1. @A9;1=1,2,...,n;7 =1,2,...,n) (1) 
Let us find all the representations of the minimum of the form f in a set composed of all the systems of 
integers which are congruous to a system (11, l2,...,J,) with respect to the modulus 2. Let us admit 
 =1,1=1,2,...,rA and i; =0,i=A41,...,n. (A=1,2,...,n) (2) 


{ This Journal, V. 133 
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The problem described reduces to the study of the minimum of the form 
fii + 221, Io + 2x2, ooyang In + 22n) 


in the set E composed of all the systems (a;) of integers 41, %2,...,@n. 
Let us notice that the form f, by virtue of equalities (1), can be written 


f= doai+ SOY (ei — 2). (3) 


i<j 
Each form J : 
vj, (¢@=1,2,...,n) (ei -—2j)°, @=1,2,...,n54< 937 = 1,2,...,n) 
satisfied, by (2), the condition 
Nese a (= 1,2,...,n) (4) 
(15 — ly + (aj —2y))? >(K-4)?, @=1,2,...,m34< 957 =1,2,...,n) 
Whatever may be the integer values of 21, 22,...,2n. It follows, by (3), that 
fils + 241, lo + 2x2,...,In + 2an) > fli, ls, eh vilayi 


For the equality 
g(h + 221, lg + 222, reals In + 2an) — (li, le, iistag In) 


to holds, it is necessary, by (3) and (4), that one had the equalities 
(1; + 22)” = LR, li; - l; + 2(a5 = £5) = (1; = 1;)’. 


(G1) 25.08 SIF SA 25502830) 
By virtue of (2), one obtains 


z;=0 or aj=—h, (¢ =1,2,...,n) 
therefore the form f possesses only two representations of the minimum (li, l2,..., ln) and (—l1, —l2,..., —ln) 
in the set examined. i ’ : fe . 
By attributing to the index X in the inequalities (2) the values X = 1,2...,n and by permuting the 
numbers J1,12,...,Jn, one obtains 2” — 1 systems which characterise, by virtue of the theorem of Number 


48, the faces in n — 1 dimensions of the parallelohedron R corresponding to the positive quadratic form f. 
The parallelohedron R will be defined by 2(2” — 1) independent inequalities 


1-n+2ep, > 0, 
2: (n—1)42(ep, + €xq) 20, (hi < ke) 


A(n — A+ 1) + Aan, +... 4+ 2%.) > 0, (ki < ko < +++ < ky) 


nN 1L42(ek, +2ko +... + 2e,) > 0, (ki < ko <+++ < kn) 


where ki = 1,2,...,n, ko =2,...,n,..., ky =4,...,n, kn =n. 
To have more convenience in the subsequent notations, let us write 


uo = 21 t%2...+4n, UW = —L1, UW = —L2,..-, Un = —Ln (5) 


and notice that all the sums 


+2 K,, +( pK, + Bho)y++ +; +(@p, + Lk, +...+ 2k, ) 
are expressed by the sums 
Who, Uho + Uhy)+-+3 Uhg + Un, +... 4+ Ung 
where ho < hi < ho <--- < An-1 and ho = 0,1, 2,...,n, hi =1,2,...,n,..., An-1 =n—-1, n. 


The inequalities which define the parallelohedron R can be written 
1-n+ 2uny = 0, 


2+ (n—1) + (ung + Uny) > 0, (ho < hi) 6) 


nm: 1+2(Ung + Un, +++ +Ua,_,) > 0, (ho < hi < +++ < An-1) 
where ho = 0,1,2,...,n, hi =1,2,...,n,..., hn-1 =n—-1,n. 
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Let us find the vertices of the parallelohedron R. To this effect, let us examine a point (a;) verifying the 
equations 


n+2u. =0, 2(n—1) + 2(u2 + us) = 0,...,n-14+2(u1 +42 +... + Un) =0 (7) 
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By virtue of (5), one obtains 


1 1 1 1 
a1 = 57, a2 = 5(n— 2), ak = 5(n— 2k +2),...,an = 5(—n + 2). (8) 


I argue that the point obtained (a;) presents a vertex of the parallelohedron R. To demonstrate this, let 
us examine the form 


n 
f(@1,%2,...,2n) + 2) oii 
i=l 
or, by (8), the form 
n 
f (#1, 02,...,2n) + Soin — 2i+ 2)ai. 


i=1 


For the point (a;) determined by the equalities (8) to be a vertex of the parallelohedron R, it is necessary 
and sufficient that the inequality 


f(a, 2,-.-,2n) + > (n— 2+ ai > 0 (9) 


i=1 


holds in the set EF. By noticing that 


n 
f (#1, £2,..-;4n)+ Soin — 21+ 2)x; = 


i=l 
n 
Si +45) + >> [(es — 23)? +24 — 25], 
i=1 i<j 
one obtains the inequalities (9) because the inequalities 
ai +aj;>0, (aj—2j)? +a;—-a2j >0, (6 =1,2,...,n;7 =2,3,...,n) 


take place within the set E. 
For the equality 


f(a, "2,-.-,n) + > (n— % + 2)ai =0 (10) 


to hold, it is necessary and sufficient that one had the equality 
a; +04 =0, (ei —aj) +e; —2; = 0.1 =1,2,...,m;i<j;j = 2,3,...,n) 
One declares that ' ; 
w= —-1, @=1,2,...,A) 2 =0.G@=A41,...,n) 


By attributing to the index \ the values \ = 0,1,2...,n one obtains n+ 1 systems verifying the equality 
(10). 
(0,0 occ Oe AO, 20/0) of Oe OE nl ee ek), 


It is thus demonstrated that the point (a;) determined by the equations (7) presents a simple vertex of 
the parallelohedron R. 
Let us introduce in our studies symbol 


the Hier cha) (11) 


in which the indices ho, hi, ho,...,hn present a permutation of numbers 0,1,2,...,n and let us agee to 
indicate by this symbol a point which verifies the equations 

n+ 2urag = 0, 2(n —1) +2 (ung + un,) =0,.-., (12) 
n+ 2 (tno + Un, 4.65 Uha—1) =0. 


By virtue of the definition established of the symbol (11), the vertex (a;) of the parallelohedron R deter- 
mined by the equations (7) will be characterised by the symbol 


(1, 2,...,7,0). 


I argue that each symbol (11) characterises a vertex of parallelohedron R. 
To demonstrate this, let us effect a transformation of the parallelohedron R with the help of a substitution 


cs. I a t _ t <.. Ff 13 
U1 = Ung, U2 = Un, s---) Un = Un, _ 1) WO = Uhas (13) 
where one has admitted 
t I I fd I # I t 
Up = y+ Xo+...+ Ly, Uy = —X,..-, Un = —Ly- 


The inequalities (6) which define the parallelohedron R will be permuted by the substitution considered, 
therefore the parallelohedron R will be transformed into itself. 
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To vertex (a;) of the parallelohedron R determined by the equations (7) will be transformed, by virtue of 
(13), into a vertex of the parallelohedron R determined by the equations (12), therefore the vertex will be 
characterised by the symbol (11). 

We have demonstrated the existence of (n+ 1)! simple vertices of the parallelohedron R corresponding 
to the positive quadratic form y. As the number of vertices of any one parallelohedron corresponding to a 
positive quadratic form does not exceed a limit (n+ 1)!, by virtue of the formula (3) of Number 101, one 
concludes that the parallelohedron R does not possess vertices other than those which are characterised by 
the symbol 

(ho, h1,..-,; An) 


in which one permutes the indices 0,1, 2,..., in every possible ways. 
All the vertices of the parallelohedron R are simple, therefore the parallelohedron R is primitive. By 
noticing that the number of vertices of the parallelohedra R is expressed by the formula 


So = (n+ 1)! = (n+ 1) A™ (m")m=1, (14) 


one concludes, by virtue of that which has been said in Number 66, that the number S, of faces in v 
dimensions of the parallelohedron R is expressed by the formula 


Sy =(n+1—v)A®%(m")ma1. (v= 0,1,2,...,n) 


Let us find the regulators and the characteristics of faces in n — 1 dimensions of simplexes of the set (L) 
which defines the type of primitive parallelohedra to which belongs the parallelohedron R examined. 
Any symbol (ho, hi,..., hn) defines a simplex characterised by the linear functions 


Whos Ung + Uhi3-+ +5 Ung + Un, +--+. + Urn: 


By virtue of (5), one will have identically 


Uno + Un, +... + Un = 0. (15) 


Notice that n + 1 simplexes which one obtains by carrying out the circular permutations of indices 
ho, hi,..-, An 
(Fig, Ba sii Peed Yo Bighay oh ecltalvs ney Fins fds ea dina) 
are congruent. By choosing a representative among these simplexes, one will determine in this manner n! 
incongruent simplexes of the set (L). 
Let us examine two simplexes determined by two symbols 


(ho, hi, he,..., hn) and (hi, ho, ho,..., hn) 


which differ only by a transposition of indices ho and hi. 
By virtue of the definition established, these simplexes are characterised by the functions 


[Uhg; Ung + Uhr, Uhg + Un, + Ura, ++.) Ung + Un, +... +a, | (16) 


and 
[Una Uny + Ung, Why + Ung + Uno - ++) Why + Ung +-.- + Uny]- (17) 


These two simplexes differ only by the vertices which are characterised by the function u,;, and up,. 

One concludes that these two simplexes are contiguous by a face in n—1 dimensions which is characterised 
by the functions 

[tng + Uhy) Uh + Uny + Une, -+ +) Ung + Uny +---+Unnl- ([1]8) 

Let us determine the characteristic +(p;) of this face. By declaring, as that which we have done in Number 

72, 
Uno + Uh = 6, Uh, + uh, + UR, = 6, .. +; Uho +...,+UR, +uh, = 06, 

one obtains, by (15), 6 = 0 and consequently 


0 0 0 0 
Uho = Uh, ; Uho = 0, sey Uh, = 0. (19) 


By indicating with (p;) the characteristic of the face (18) with regard to the simplex (16), one will have 
a supplementary condition 


Uk > 0 (20) 


which, added to the equalities (19), well defines the characteristic (p;). 
Let us indicate, to make short, 
ho =i and hi=j (21) 


and suppose that i #4 0 and j #0. By virtue of equalities (5), one will have 
Who = Uh = —Piy Uh, = Uy = —Dy- 
By virtue of (19) and (20), one obtains 


pr =0, : ‘ 
(k=1,2,...,.uk4#i;k4#7j) (22) 
pi=—1,p; =1. 
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One can therefore characterise the characteristic (p;) by a corresponding function 


SS pivi = -Xj+ 45. 


Let us suppose that 7 = 0. One will have in this case the equalities 


pitpot...+pn=pi,pr=0 (k=1,2,...,mk £2) 


S> Diki = —Zj. 


In the same way one will examine the case i = 0. One can bring together the three cases examined by 
indicating the characteristic of the face (18) by the function —x; + £;, provided that xo = 0. 

Let us find the regulator p;; of the face examined. To that effect, let us determine the number Vo, 01,...,0n 
after the conditions 


and consequently, by (20), 


n 
Un, = S>Pr(uho Pees + Un) where So =|, 
A=0 


One obtains 


Vo = -1,01 = 1,02 =0,..., 0n-1 = 0,0n = 1. 
By applying the formula (20) of Number 72, one finds 
25; [(un, +...+uh,)— uh] = (un)? + (tng)? — (tng + try)? 


(Ung + Un +... Wan) where A> 0. 


By virtue of equalities (15) and (19), this formula comes down to the one here 


2piy = (uny)” + (ung)? — (Uo + Uni)”, 


and consequently 
Pij = —Uho Uh 


or, by (21) 
pi = Wij. (23) 


Let us suppose that j = 0; the formulae (5) give 
pio = Ci(t1 + Ho+...+%n) = 210i + Coit... + nH. 


By replacing in this formula z;x; by a;;, one obtains the sought-for expression of the regulator pio 


n 


pio = — ani (¢=1,2,...,n) (24) 


k=1 


By supposing that i 4 0 and 7 # 0, one will have 


pig = Lid; 
and consequently 
Pig = — Bij (@@=1,2,...,4,t4 957 =1,2,...,n) (25) 
Observe that the face (18) possesses the regulator p;; and the characteristic —x; +2; in addition to values 
of indices he,...,hn. One concludes that there exist (n — 1)! inconcruent faces of simplexes of the set (L) 


which possess the same regulator p;; and the same characteristic 
—to+a;. (@=0,1,2,...,m%149;7 =0,1,2,...,n) 
By applying the formula (I.) from Number 84, one obtains 
EDevem = LE eves 
t<j 
(¢=0,1,2,...,n;¢< 937 =1,2,...,n) 


where one has admitted zo = 0, or differently 


n 
YT Tsvees = Donel LE putea 29 
i=1 i<j 

(@=1,2,...,n;¢ < j3j = 2,3,...,n) 
The domain A of quadratic forms corresponding to the type of primitive parallelohedra examined will be 


determined by the inequalities 


py > 0 ( =0,1,2,...,n;7 =0,1,2,...,n) 
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or differently, according to (24) and (25), by the inequalities 


n 
So ane > 0, —ay 20. @=1,2,....n]4 < H19 = 2,8, --,0) (27) 
k=1 


The number of these inequalities is equal to wey thus the domain of quadratic forms defined by these 
inequalities is a simple domain. 

By attributing to the parameters p,; (i = 0,1,2,...,n;7 = 0,1,2,...,n;4 < j) in the formula (26) the 
positive arbitrary values or zeros, one will determine all the quadratic forms belonging to the domain A. 

One remarkable coincidence is signalling. The domain of quadratic forms (27) has been studied in my first 
mémoire cited + where it has been called principal domain. This domain corresponds to a principal perfect 
positive quadratic form 


p=x} | ZS ee x + €1iHQ2+...+2n-12%n. 
It is remarkable that the set of characteristics found 
+a;, £(ai —2;), @=1,2,...,n51 < 937 = 2,3,...,n) 


coincides with the set of representations of the minimum of the principal perfect form yp. 
Domains of quadratic forms contiguous to the principal domain. 


All the faces in n(rti) — 1 dimensions of the principal domain A are equivalent. + 
It follows that all the domains of forms belonging to the set (A) which are contiguous to the principal 
domain A by the faces in ninth) — 1 dimensions are equivalent. 

In the case n = 2 and n = 3, the set (A) of domains of quadratic forms is made up of a single class of 
domains equivalent to the principal domain. 

One concludes that in the space of 2 and of 3 dimensions there is only a single type of primitive par- 
allelohedra, provided that one does not consider as different the equivalent types which correspond to the 
equivalent domains of quadratic forms. 

Let us suppose that n > 4 and find the domain A’ which is contiguous to the principal domain A by the 
face determined with the help of the equation 


p=—412 = 0. 


By applying the algorithm explained in Number 96, let us determine the incongruent convex polyhedra 
which correspond to the independent regulator p. 
We have seen in Number 104 that the regulator p = pi2 corresponds to the common faces of simplexes 
defined by the symbols 
(1, 2,h1,...,Rn), (2,1, he,..., hn) 


where ho, h3,..., hn present an arbitrary permutation of indices 0,3,4, ...,n. 
The two corresponding simplexes are characterised by the functions 


[ta, ta + U2, Ui + U2 + Ung,---, Ua tu2+... +p, ] 
and 
[2,2 + 1,2 +1 + Ung...) U2 tut... tun, ]- 
By declaring 
w2 = Vour + V1(ur + ue) + Yo(ur + U2 + tag) +... + Un(u1 +2 +... + Ua, ) 


where )7/'_, = 1, one obtains 


8 = —1, 9, = 1,92 =0,...,9n-1 = 0,9n = 1. (3) 


As among the numbers obtained is found only one negative number Wo, one concludes that the two 
simplexes (1) and (2) make up a polyhedron K corresponding to the independent regulator p. 

Let us indicate by (L’) the set of simplexes which characterise the domain A’ of quadratic forms. By 
virtue of that which has been said in Number 91, the polyhedron K in the set (L’) will be made up from 
simplexes which one obtains by replacing the vertices of the simplex (1) which correspond to the positive 
values of numbers (3) by the vertex characterised by the function uz. As in the series (3) only two positive 
numbers ¥; and J, are found, one obtains two simplexes characterised by the functions 


[ui, U2, Wi + U2 + Unrg,-.-, U1 tet... +a, | (4) 


and 
[ui, wi + U2,...,% +2 +... + Un, 1, U2] - (5) 


These two simplexes make up the polyhedron K and replace the two simplexes (1) and (2) in the set (L’). 

By effecting all the permutation of indices he,...,hn, one obtains (n — 1)! incongruent convex polyhedra 
which correspond to the independent regulator p. 

By replacing in the set (L) the simplexes congruent to the simplexes (1) and (2) by the simplexes which 
are congruent to the simplexes (4) and (5), one will reconstruct the set (L) of simplexes into a set (L’) which 
characterises the domain A’. 


{ This Journal, V. 133 


{ See my mémoire cited 
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Notice that the number of incongruent simplexes of the set (L’) is equal to n! also. It follows that the 
number of faces in v dimensions of primitive parallelohedra belonging to the type characterised by the 
domain of form A’ is expressed by the formula 


Sv =(n4+1-—v)A® (m")ma1. (v = 0,1,2,...,7) 


Let us find the regulators and the characteristic of faces in n — 1 dimensions of simplexes belonging to the 
set (L’). 

Let us examine in the first place the simplexes contiguous to a face in n — 1 dimensions which belong to 
the set (L) and to the set (L’). 

The condition necessary and sufficient for which the two simplexes characterised by the symbols 


(ho, hi, ho,..., hn) and (hi, ho, h2,..., hn), (6) 
which are contiguous by a face in n — 1 dimensions, also belong to the set (L’), consists in so long as within 


the two series 
ho, hi, ho,..., hn, ho and hy, ho, he,..., An, Ai 
the indices 1 and 2 are not adjacent. By declaring 
ho =i and hi =j, 


one obtains (n — 1)! — 2(n — 2)! pairs of symbols (6) which satisfy the condition assumed. 
By indicating with p;; the regulator and with +(#; — z;) the characteristic of the face common to the 
simplexes (6) determined in the set (L), one will have for the set (L’) the same regulator 


Pig = Piss (i =0,1,2,...,n;4 << 9;7 =1,2,...,n) 


and the same characteristic +(2; — 2;), the regulator pi2 being excluded. The regulator obtained p;; and 
the characteristic +(x; — x;) belong to (n — 1)! — 2(n — 2)! incongruent faces in n — 1 dimensions of the set 
(L’) of simplexes. 


This declared, let us examine the regulators and the characteristics of faces of simplexes (4) and (5) which 
make up the polyhedron K in the set (L’). 

The first group of faces of the simplex (4) is composed of two faces which are opposite to the vertices ui 
and us. The first face is characterised by the functions 


U2, U1 + U2 + Ung, +++) U1, U2,-- +; URy- (7) 
This face belongs in the set (L) to the simplexes characterised by the symbols 
(2, 1, ho, hg,..., Rn) and (2, ho, 1,h3,..., hn). 


The second simplex also belongs to the set (L'). It follows that the simplex (4) is contiguous to the simplex 
(2, h2,1,h3,...,hn) by the face (7). 

Let us declare hy = i where i = 0,3,...,m and indicate by pj, the regulator and by +(x1 — 2;) the 
characteristic of the face (7) in the set (L’). By applying the formula (8) of Number 93, one obtains 


pia = pil tp. (i =0,3,...,n) 
In the same manner, one will examine the regulators of the face of the simplex (4) which is opposite to 
the vertex u2. By putting h2 = 7, one will have 
pin = pia + p. (i =0,3,...,n) (9) 
Examine the first group of faces of the simplex (5). This group is made up of two faces which are opposite 
to the vertices u: and ue. The first face is characterised by the functions. 
U1 + U2, U1 + U2 + Uhgy- ++) U1 + U2 +... + Ung _y, U2- 


This face belongs in the set (LZ) to the simplex (2,1,h2,...,hn) and to the simplex congruent to the 
simplex (An, 1,h2,...,Rn—1,2) and which is characterised by the functions 


U2, U2 + U1, U2 + U1 + Uhgs- ++, U2 FUL +... + Un,_1,U2 — Uny- 


This simplex also belongs to the set (L’). By putting h, =i and by applying the formula (8) of Number 
(93), one finds 
U 
Pi2 = piat p 
The characteristic of this face will be +(r2 — x;) (¢ = 0,3,...,n). 
In the same way one will examine the face of the simplex (5) which is opposite to the vertex us. 
One will obtain by letting h, =i 
pi =patp 
and the characteristic will be +(21 — 2), (¢ =0,3,..., 7). 
Let us notice that the number of incongruent faces, belonging to the first group of simplexes of the set 
(L’), which possess the regulator determined by the formula (8) or by the formula (9), is equal to 2(n — 2)!. 
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The second group of faces in n — 1 dimensions of the simplex (4) is composed of n — 2 faces which are 
opposite to the vertices 


U1 + U2 + Ung, U1 + U2 + Ung + Ung, +--+) U1 + U2 +..-,Ur,_1- 


Let us examine a face which is opposite to the vertex ui + ue +...+ un, (k = 2,3,...,n—1). 
A transposition of indices hy; and hy+1 in the symbol (*) leads to the symbol 


[t1, U2,..., U1 tue. +... Uhy_1 F Uhpyy) Ul tu2+...4 Ungas + Why 5 


wee U1 +u2+...+ Ur, ] 


which defines a simplex belonging to the set (L’) and which is contiguous to the simplex (4) by the face in 
nm — 1 dimensions examined. 

Let us write hy = i,hx41 = j and indicate by p;; the corresponding regulator. The corresponding 
characteristic will be determined by the equations 


0 0 0 0 i¢) 
uy =0,u2 =0,...,ur +ugt...+Un, 5 = 0, 
0 0 0 0 0 0 
Uy + Ug +e ee + Ung = 0, uj; +29 +...+Un, =0. 


One obtains 


uy = —u? and uwe=0. (r=0,1,2,...,u rir Fj) 


It follows that the characteristic will be represented by the function +(x; — 2;). 
By declaring 


U1 +2 +... + Unyiy + Ung gs = Your + Vis + Vo(ui + U2 + Ung) +... (10) 
+ On(u1 + u2 +... +Ur,_y +Ur,) +... + Un(ur tue +... + Un, ) 
where )7"_, J, = 1, one obtains 
Vo = 0,01 = 0, toe @ ,UR-2 = 0, UR—1 = 1,0% = —1,0e41 = 1, Ve+e = 0, 
...,8n = 0, 
provided that k > 2. 
The regulator Pig will be determined by the formula 
20% =(u1 wot... + Un,_1 4 Uhaega)” (u1 uwt+...4 Uhper)” t 
(ur Uwot+... Un,)? (u1 b tabs Uhear) 
After the reductions, one finds 
/ 
Pig = Un, Ugg 
or differently 
Pig = Wij, 
thus, by virtue of the formula (23) of Number 104, one will have 
Pig = Pig. (= 0,3,..., 057 =0,3,..., mk =3,4,...,n-1) (11) 


Let us examine the case k = 2. The equality (10) gives in this case 
Vo = Lv = 1, V2 = -1,03 = 1,04 =0,...,0n-1 =0,0n = —1, 


and consequently 


i 2 2 2 2 
2p;; =(u1 + ue + ung)” — wr — ua + (ur + u2 + Ung) 


(ur +2 + Une + Ung)? + (ui +2 +... + Urn). 
AS Ung = 4, Ung =f and w+ u2+...+ un, = 0, one obtains 
Pig = U1U2 — UUs, 
thus one will have in the case examined 
Pig = pig — p. (6 = 0,3,..., 257 = 0,3,...,n) (12) 


In the same way, one will examine the faces of the simplex (5) belonging to the second group and one will 
obtain the same formulae (11) and (12). 

Let us notice that the number of incongruent faces of simplexes of the set (L’) which belong to the second 
group and the regulator of which is determined by the formula (11) is equal to (n — 3)!2(n —3). The number 
of regulators which are determined by the formula (12) is equal to 2(n — 3)!. 


109 
The third group of faces of simplexes (4) and (5) is composed of a single face 


[ur, ua, + U2 + Ung,--- 5, U1 +2 +...+Ur, | 


which is common to these two simplexes. 
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The characteristic of this face is determined by the equations 
ue = 6,up = 6,ud + ug + up, =6,...,uptugt... Fuh, = 06. 


It results in that ; § é ;: . ‘ 
Uy = Up = 6, U2 = —4, Ung = 0,.--, Un, _, =O, Un, =. 


One concludes that 6 = +1. By admitting 
ho =1 and hy = 4; 


one obtains the characteristic +(v1 + %2 — 4; —2j). 
Let us indicate the corresponding regulator by pj;. with the help of equalities 


ut uz =Vour + Yiu + Vo(ur + u2 + Ung) +... 


n 
+ On(ur +u2+...+Un,) where >> =1, 
k=1 


one obtains 
Vo = 1,01 =1, 02 = 0,...,0n-1 = 0,0n = —1. 


The regulator Pi will be determined by the formula 


2pij = (ui + U2)” — uy — us — (ui +2 +... + Urn); 


and it becomes ; 
Pij = UU, 


thus ! : . 
Pig =—p. G=0,3,...,n;7 =0,3,...,n) 


The number of incongruent faces belonging to the third group having the characteristic +(%1+22—xi—2;) 
is equal to 2(n — 3)!. 


With the help of deduced formulae, one can determine all the independent regulators. Let us admit 
Pi2 = —P, Pin = pil + p, pin = pi2+ p, pij = pii- (13) 
(¢ = 0,3,...,nj¢ < 9; j7 =3,...,n) 
n(n+1) 
2 


One obtains in this manner independent regulators Pi (8= 0,152). ont <9 = 1 2) oot): 
The results of our studies can be gathered in the following table: 


1. Regulator iy, characteristic +(21+22—2;—2;), their number 2(n—3)! 
2. Regulator p/,, characteristic +(%1—2;), their number 2(n—2)! 
3. Regulator pi2, characteristic +(%2—2;), their number 2(n—2)! 
4, Regulator pj;+/i2, characteristic +(t1—2i), their number (n—1)!—2(n—2)! 
5. Regulator pjz + pi, characteristic +(%2—23), their number (n—1)!—2(n—2)! 
6. Regulator jj, characteristic +(x;—2;), their number (n—1)!—2(n—3)! 
7. Regulator pj;+pi2, characteristic +(x;—2j), their number 2(n—3)! 
The indices i and j are the values 0,3,..., and one has admitted xo = 0. 


The domain A’ of quadratic forms corresponding to the set (L’) of simplexes is determined by Bint) 


independent inequalities 
pij 20. (= 0,1,2,...,n;7 =0,1,2,..., 7 Fj) 


As a result, the domain A’ is simple. 
By applying the formula (I) of Number 84, one will determine, by (13), any quadratic form )> > ayaa; 


by the following formula 
Se So aijxie; = wy (x5 — aj)? + piw, (14) 
i<j 
(@=0,1,2,...,n;7 =1,2,...,n) 
where one has admitted x9 = 0 and 


w = (n—2)a} + (n— 2)a34+203 +... 4+ 207, + Qeige + 2aias 


20120 20203 drat 222%. 


By attributing to the independent parameters pj; (¢ = 0,1,2,...,n; j =0,1,2,...,) all the positive values 
or null, one will determine by the formula (14) all the quadratic forms belonging to the domain A’. 

One coincidence is to be pointed out: the domain A’ presents a part of the domain R, corresponding to 
the perfect form y, which has been determined in my mémoire cited. The set composed of linear forms 


+(a;-—2;) (¢=0,1,2,...,n;7 =0,1,2,...,n) 
(the form +(21 — 2) being excluded) and of forms 


(t1+¢2-2;-24;) (@=0,3,...,n;7 =0,3,...,n) 
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where one has put zo = 0, coincides with the linear forms which define all the representations of the minimum 
of the perfect form ¢1. 
Parallelohedra in two dimensions 


The set (A) of domains of binary quadratic forms is composed of a single class of domains which are 
equivalent to the principal domain A determined by the inequalities 


a+b>0, -b>0, c+b>0. 


Here are the conditions of reduction of binary positive quadratic forms az” + 2bxy + cy” due to Selling. { 
Any quadratic form belonging to the principal domain A can be determined by the equalities 


ax” + Qbey + cy” = Ax” + py’ +v(a —y)? where A>0, w>0, v>0. 


The parameters A, and v present the regulators of the hexagon of Lejeune Dirichlet + defined by the 
inequalities 


1 1 
—A(\4+v)<2r< -(\4+ 

5 (A WEES SA v), 

1 1 
Fut) Sus Fu ty), 

1 1 
—sAth) Setys sate) 


By attributing to the arbitrary parameters X, 4, v the positive values, one will determine by these inequal- 
ities a primitive parallelohedron in two dimensions, that is to say a hexagon of Lejeune Dirichlet. 
By nullifying one of the parameters A, ,v, for example v, one will obtain four independent inequalities. 


~ 
IA 
8 

IA 


| 
Nl ple 
Nl wele 


= 
IA 
< 
IA 
F 


which define a nonprimitive parallelohedron in twor¢imensions, it is a parallelogram. 
It is easy to demonstrate that other nonprimitives of the space in two dimensions do not exist. 
Each hexagon of Lejeune Dirichlet can be @onstructed from three parallelograms as is indicated in Fig. 1. 


One of the three parallelograms OADB, OBEC and OCF A which form the hexagon ADBECF can be 
arbitrarily chosen. By choosing, for example, an arbitrary parallelogram OADB, one will determine the two 
remaining parellograms OBEC and OCF A by taking an arbitrary vector OC, provided that by extending 
this vector in the inverse direction one passes through the chosen parallelogram OADB. 

Observe that in general the point O does not present the centre of the hexagon ADBECF. 

One can make up the same hexagon of three parallelograms O’ DBE, O’ ECF and O’F AD. One concludes 
that the hexagon of Lejeune Dirichlet does not present anything other than projection of a parallelepiped 
on the plane. 

Parallelohedra in three dimensions 


The set (A) of domains of ternary quadratic forms is composed of a single class of domains equivalent to 
the principal domain A determined by the inequalities 


a+0)+6" >0,a'+b"+b>0,0"+564+0' >0,-b>0,-' >0,-b" > 0. 


Here are the conditions of reduction of ternary positive quadratic forms ax? +a’y? +a" z? + 2byz4+ 20’ zx4 
2b" xy due to Selling. 
Any ternary quadratic form belonging to the principal domain A can be determined by the equalities 


ax’ +a'y ta’ 2° + Qbyz + 2b' ze + 2b" ry = 
Ne? + Myr + 2? 4 De oP 2 00" 2 
city +rAz +py—z) +wle-2) +p (e—y)’. 


All the primitive parallelohedra in three dimensions can be transformed with the help of linear substitutions 


ft See the Introduction 
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into primitive parallelohedra determined by 14 independent inequalities 


ey) Ate +e") Ses GAtH +H"), (1), 
(2) aN tutu) Sus GN +H" +H), (2'); 
(3') 5" ++) <2< 5A" tut’), (3'), 
(4) -$O' 4" tutu") Sates GOH 2" tu +n"), (4), (2) 
(5') 5 (An tA + pn + HB) S2+z8 5A + A+ bn + Ht), (5), 
(6') sAtMt+Hut+H) <Setys FAtA+u+n), (©), 
(7") —SA4FN4M!) Satyte<s ZAtN +4"), (7) 


The parameter A, A), Av, 4, [1, Lv present the independent regulators of the primitive parallelohedron de- 
fined by these inequalities and corresponding to a ternary positive quadratic form (1). 

By virtue of the formula (14) of Number 103, any primitive parallelohedron of the space in three dimensions 
possesses 24 vertices which can be characterised by three numbers corresponding to the different faces in 
two dimensions of the parallelohedron defined by the inequalities (2). 


One will divide these (24) vertices into three groups I, II and III: 


ao] 


Each line of this table is composed of four congruent vertices. In each group the second line is formed 
from vertices opposite to those which are found in the first line. 

Let us examine the regulators and the characteristics of edges of the primitive parallelohedron in three 
dimensions. It suffices to examine the regulators and the characteristics of faces in two dimensions belonging 
to three simplexes 

(0, 1, 6,7), (0, 1,7, 5), (0, 1,3’, 6). 


The results of these studies can be brought together in the following table: 


The first line contains the characteristics and the regulators of different faces of the corresponding sim- 
plexes. The second line is composed of vertices which define the simplexes contiguous to the corresponding 
simplex by the faces the characteristics of which are found above, in the first line. 

The faces of primitive parallelohedron R in three dimensions (Fig. 2) are divided into 8 hexagons of 
Lejeune Dirichlet and into 6 parallelograms. 


Fig. 2 


The hexagonal faces of the primitive parallelohedron R are characterised by the numbers 
1,253.7. 2 BT: 
The parallelogrammatic faces are characterised by the numbers 
4,5,6,4',5', 6’. 


The faces, the edges and the vertices of the primitive parallelohedron are systematically characterised in 
Fig. 3. 
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One has indicated in this figure the numbers of faces which are contiguous to one of 7 incongruent faces. 
Each edge is characterised by two adjacent numbers and each vertex by three numbers. 


By nullifying one or more parameters A,X’, ”, pu, py’, in the inequalities (2), one will determine the 
It is easy to see that the nonprimitive parallelohedra 


nonprimitive parallelohedra in three dimensions. 


obtained are divided into four different spaces. (Fig. 4-7) 
Fig. 6 


Fig. 4 


Fig. 5 


Fig. 7 


Nonprimitive parallelohedra of the 1°* space. By making p = 0, p' = 0," = 0 in the inequalities (2), one 


will obtain 6 independent inequalities 


which define a parallelepiped (Fig. 4). 


Nonprimirive parallelohedra of the 2"4 space. By making p’ = 0,p" = 0 in the inequalities (2), one will 


obtain 8 independent inequalities 


—3A 
300 +4) 
eed aes 
2 ain 
34") S 


which define a prism with hexagonal base (Fig. 5). 
Nonprimirive parallelohedra of the 3° space. By making X" = 0, y” = 0 in the inequalities (2), one will 


obtain 12 independent inequalities 


elIAlIAIA 


a< 3A, 

y < 3( + B)s 
z< 5( + p), 
+2< 5( oF r"), 


—3 +4!) SaK gA+H'); 
Fiaeai Sys 70 +H); 
— ae +H) <2z< 7H +H), 
=giX ey: Spree. gO +e); 
—fAt+h) S<zte<  3(A+p), 
—S(AF+N) <atytz< Z(A4+Y), 


which define a parallelogrammatic dodecahedron (Fig. 6). 


Nonprimirive parallelohedra of the 4°” space. By making ’ = 0 in the inequalities (2), one will obtain 12 


independent inequalities 


—3 +4!) 
eee) 
Be ae 
te ne, ee oe a 
—sA"+A+n) < 
—S.AFN 4X") Sat 


re lAlAlA 


z< a(A+p), 
ys 5 (0 + p), 
es 5" +p tp’), 
+25 5(’ 4X" 4p’), 
+2UK 5(A" A+ B); 
ytzs Z(A4X 4+"), 


which define a dodecahedron in 4 hexagonal faces and in 8 parallelogrammatic face (Fig. 7). Mr. Fedorow 
has demonstrated that other parallelohedra in three dimensions do not exist. 


Parallelohedra in four dimensions 


¥ See the Introduction 
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The first type of primitive parallelohedra in four dimensions is characterised by the principal domain A 
of quaternary quadratic forms which is determined by the independent inequalities 


At = 411 +412 +013 +14 >0, AQ = Ge1 + Q22 + A23 + Goa > 0, 
A3 = a31 + a32 + a33 +434 > 0, Aa = Gai + Gaz + 43 + Gas > 0,7 
fa = —@12 20, po =—ai3 20, ps = —a1a > 0, 
fa =—a23 >0, bs = —a2a>0, po = —a34 > 0. 


Any quaternary quadratic form 


f(€1, £2, €3, £4) 


belonging to the domain A can be determined by the equalities 


2 2 2 2 2 
f(x1,"2,%3, U4) = A1zy + Ava. + AzgHZ t+ Asa + pi (41 — F2)°4 


poo (41 a3)” 3 (#1 wa)? + poa(ae a3)’ 4 (1) 


Jis(@2 — @4)” + po(ws — wa)”. 


The corresponding parallelohedron is determined by 30 inequalities which one will write down in the form 


1 
+(lia1 + loro +1323 +1424) < gf (ta, 2,13, la). (2) 


The systems +(l1, l2, 13,14) and the corresponding values 
f (i, la, Is, la) 


of the quadratic form (1) are given in the following table: 


I%* type of parallelohedra 
[ OfG bb) -h -b -lk -h 
Ai 


~ 
na 
~ 
~ 
w 
~ 
ay 


OONOTARWNHH|'A 


2 
1000 
0200 
0010 
0001 
1100 
1010 
1001 
0110 
0101 
0011 
1110 
1101 
1011 
0O1iil 
i oe 


By attributing to the parameters 


Ai, DQ, He 


the arbitrary positive values, one will determine with the help of inequalities (2) all the primitive parallelo- 
hedra of the first type. 


The primitive parallelohedra of the first type possess 120 vertices which can be divided into 12 groups 
composed of congruent vertices and of opposite vertices. 


All these vertices are put together in the following table: 


Vertices of primitive parallelohedron of I%* type 
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2' 5’ 11' 
25 11 
3’ 6 2 
36 2! 
4 7' 3 
473! 
2 5) 4 
25 4) 
2' 5! 12’ 
25 12 
47’ 2 
47 2 
3' 6’ 4 
36 4’ 
2' 5/3 
25 3’ 
2! 5 4 
254) 
3' 6 2 
36 2! 
472 
47 2 


0153' 10’ 


16114’ 


171315 


151215 


154’ 10 


17123' 


161315 


15114’ 


15 123° 


161115 


171215 


In this table, the first line of each group contains the characteristics of faces in three dimensions corre- 
sponding to the simplexes J,II,..., XII 

The second line contains the vertices of simplexes which are contiguous to the simplexes I, JI,..., XII by 
the faces, the characteristic of which are indicated above in the first line, and the regulators are indicated 
near by in the second line. 


Let us examine the parallelohedra in four dimensions which belong to the second type of primitive par- 
allelohedra defined by the domain A’ of quaternary quadratic forms. The domain A’ is contiguous to the 
principal domain A by the face in a dimensions defined by the equation 


fu = 0. 
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The independent regulator 1 corresponds to the faces of simplexes 
I, II, V, VI, IX, ,X. 


All these simplexes have to be reconstructed with the help of the algorithm explained in Number 91. 
One will determine the numbers Vo, 01, 02,03, U4 after the conditions 


(2) = 81(1) + 9o(5) + V3(11) + Ba(15) and 01 +92+03 +04 =1; 


it becomes 
Vo =1, 01 = —-1, V2 = 1, V3 = 0, 04 = 0. 


It follows that one will replace the three pairs of simplexes 


(0,1, 5, 11, 15) and (0, 2,5, 11, 15), 
(0,1, 5, 12, 15) and (0, 2, 5, 12, 15), 
(0,1, 5, 11, 4") and (0, 2,5, 11, 4’) 


by the simplexes 
(0,1,5,11,15) and (0, 1,2, 11,15), 
(2,1,5,12,15) and (0,1, 2,12, 15), (3) 
(2,1,5,11,4") and (0,1,2,11, 4’). 


By designating the system (1, —1,0,0) by the symbol (5) and the system (—1,1,0,0) by the symbol (5’), 
one will designate 
I-(0,5,1,6,13), If—(0,1,2,11,15), V -(0,5,1,7,13), 
VI (0; 1,2 12,15), “IX = (0/5, 1,6-9); KX 0,1,9,11, 4), 


These simplexes are congruent to the new simplexes (3). 
The primitive parallelohedra of the II"? type possess 120 vertices which are brought together in the 
following table: 
Vertices of the primitive parallelohedron of II" type 


1%? type 


Vertices of primitive parallelohedron of 


1156 13/123 10/2 58 14 [3 Be 4 10144" 13 
15’ 6’ 13’]/1 2 3’ 10’)2’5 814/13 8 6 4’ |10 144 13 
nt 2 1 15 5’'8 14/5 2'6 13/8’ 6 11'4 |14’ 13/4’ 15’ 
12’ 11’ 15']1 5 8’ 14°)5’2 6 13/18 6 11 4’ 114 138 4 15 
mi & 4 4 113 8 7 |3'6' 2 13’|8' 2' 11’ 15/7 13 15 4 
V6’ 11'4 |1 38’ 7 13 6 2713 |8 2 11 15 |7 13’ 15’ 4 
x 17 13 15 |1'4 10 14/4’ 7'3 8 |10' 3'13’2 |14' 8’ 2’ 15/ 
1’ 7’ 13' 15’]1 4’ 10' 14’)4 7 3’ 8’ |10 3 13 2’ |14 8 2 15 
. 157 13 /1'2'4 10/2 5'9 14/4’ 97 3 |10'14' 3’ 13' 
5’ 7 13’]1 2 4 10')2'5 914/14 9 7 3’ 110 143 13 
VI 1212 15]1'5'9 14/5 2’7 13 |9’ 7'12'3 |14’ 13’ 3’ 15’ 
1 2' 12'15/]1 5 9’ 14’/5’2 7° 13’|9 7 12 3’ {14 13 3 15 
17123) |49 6 |4' 72 13’]9' 2' 12’ 15/6 13 15 3 
Mi 7 12'3 |1 4'9' 6 [47 2713/9 2 12 15/6’ 13’ 15’ 3’ 
vint|! & 13 15 13 10 14/36’ 49 |10' 4'13'2 |14’9' 2' 15’ 
1’ 6 13’ 15’]1 310’ 14’)3 6 49’ |10 4 13 2’ 1149 2 15 
ix] 5 6 gy ji’ 2'3 12/2 5’8 7 13’ 86 15'|12 7 15 9 
V5’6’ 9 {1 23’ 12 /2'5 87 |3 8 6 15 |12'7' 15° 9’ 
x{i2u4 5's 7 15 2'6 9 18’ 611’ 15']7 9 15 4 
Y2'ii'4 1158 7 /5'2 69 |8 6 11 15]7 9’ 15° 4 
xr}i 6 1 15 v3 8 14/3'6'29 |8' 2'11'4 |14'9' 4’ 15’ 
1 6’ 11' 15']1 38’ 1477/3 6 29’ 18 211 4’ 1149 4 15 
xu}i 7 12 15 Yv49 14/4 7°28 |9' 2'12°3 |14'8' 3’ 157 
17’ 12'15’]1 4’9’ 14’/4 7 2) 8' |9 2 12 3) 1148 3 15 


Regulators and characteristic corresponding to the II"4-type of parallelohedra 
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156 13 


121115 


16114’ 


171315 
157 13 
121215 
17123’ 
161315 
156 9 
12114’ 


161115 


The domain A’ of quaternary quadratic forms which define the second type of primitive parallelohedra in 
four dimensions is determined by 10 independent inequalities 


Ai > 0,A2 > 0,A3 > 0,A4 > 0, 
pa = 0, po > 0, w3 > 0, pa > 0, ps5 > 0, Wo > O. 


Any quaternary quadratic form belonging to the domain A’ can be written 


2 2 2 2 
f (v1,02,03, £4) = Arv, t+ A2w_ + AZH3 + Asawa + iw + po2(1 


Ha (r1 


where 


+ 2 


x3) 4 
aa)? + pa(L2 a3)” + pts (to aa)” + pig (X3 awa)” 
x3 { 203 { 203 + 24102 — 24143 — 24144 — 2H9K3 — 2H2K4. 


2 
w= 2x} 


(4) 


The parallelohedra belonging to the II"? type are determined by 30 inequalities of form (2) which are 
symbolically presented in the following table: 


II"4 -type of parallelohedra 


Ss 
~ 
NO 
=~ 
wo 


BPRORPRFPOREFOOCOrFOOFSGA 
BPRRORHFPOROHOCORHKOS 


i 
0 
0 
0 
1 
1 
1 
0 
0 
0 
1 
1 
1 
0 
1 


l 


Let us find the domain A” 
face in 9 dimensions defined by the equation 


Ai + 2p + poo + 


ps 


A2 + 214 pa + ps 


pla 


[bs 


| 
or 
| 


je 
je 


3 


pa + ps 


or 


pa 


Le 


[bs 


Ls 


[bs 


Le 


pea 


Ls 


Hs 


Le 


PF da dda) mh bp = lg = hm 


Le 


Ms 


PRR RORRFOROOCrRGOOS: 


BPOREHOCORHEHOSO 
| 


ps 
1 


BPROREFORHEOORS 


of quaternary quadratic forms which is contiguous to the domain A’ by the 


pe = 0. 


The independent regulator 4g corresponds to the faces of simplexes 
I, IV, V, VIII. 


All these simplexes have to be reconstructed after the algorithm explained in Number 91. 


determine, to this effect, the number 


after the condition 


Vo, V1, V2, 03,04 


01(1) + 82(5) + 3(6) + 04(13) and 39 +01 4+ 024034 4; 


it becomes 


0 =0, 01 =1, 02 =0, V3 =—-1, Va = 1. 
One concludes that the two pairs of simplexes 


(0,1,5,6,13) and (0, 
(0,1,7,13,15) and (0, 


1,5,7,13) and 
1, 6, 13, 15) 


One will 


(5) 
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have to be replaced by the new simplexes 


I — (0,7,5,6,13) and V — (0,1,5,6,7) 
IV -(0,6,7,13,15) and VIII — (0,1,7,6, 15). 
By designating the system (0,0, 1,—1) by the symbol (10) and the system (0, 0, —1, 1) by the symbol (10’) 


one will determine all the vertices of primitive parallelohedra belonging to the new type as follows. 
Vertices of primitive parallelohedron of III’¢-type. 


1175 6 18 79 103 ]9 58 147108’ 6 4 [3’ 14747 13’ 
75’ 6 13/7 9 10'3’ |9’ 5 8 14]108 6 4 |3 144 13 
Ul 12 1115 /]1'5’ 8 14/5 2'6 13 ]8’ 6 11’ 4 |14’ 13’ 4’ 15' 
12’ 11’ 15']1 5 8 14°]5’ 2 6 13']8 6 11 4’ 114 13 4 15 
iho a ’3 8 7 |3’ 62 13’]8' 2 11'15']7 13 15 4 
16 11’ 4 |1 3’ 8’ 7 13 6 2 13 ]8 2 11 15 }7' 13’ 15! 4! 
{6 7 13 15 6 10'4 9 |10 73 8 |4' 3’ 13/2 |9’ 8’ 2! 15! 
6’ 7 13’ 15'/6 10 4’ 9’ |10'7 3’ 8’ |4 3 13 2’ |9 8 2 15 
yiji5 6 7 |l2 3 4 2 58 9 |3' 8 6’ 10’'|4 9’ 10 7’ 
5 6’ 7 J12 «3' 4 jo’ 5 8’ 9 13 8 6 10/4 9 107 
VI 12 1215/15’ 9 14/5 27 #1349’ 7 12'3 |14' 13’ 3’ 15’ 
12’ 12'15'/1 5 9’ 14’}5’ 27 13’/]9 7 12 3’ |14 13 3 15 
vu{i7 2 3) |1'4 9 6 11 4'9' 6 4’ 7 2 13’]9' 2 192° 15! 
613153 |1'7' 1273 |4 72 13/9 2 12 15 |6' 13/15’ 3’ 
vi} 7 6& 1 4 3 14]4' 7108 |3’ 10’6 9 |14’8’ 9’ 15’ 
17 6 15'|1 4’ 3’ 14|4 7 10'8' 13 106 9 1148 9 15 
x]i 5 6 g | 2’ 3 12/2 58 7 /3' 8 6 15/112 7 159 
5’ 6’ 9 |12 3’ 12 ]2' 5 8 7 |3 8 6 15 |12'7' 15’ 9’ 
xji2 n4 vy 8 7 15 26 9 Js 6 11°15'17 9 15 4 
vo iv’4 15 8 7 15’ 26’ 9 {8 6 11:15 ]}7' 9! 15’ 4! 
xrji 6 11 15 3 8 14]3’ 62 9 |8' 2 11'4 |14' 9’ 4’ 15! 
1’ 6 11/ 15'|1 3’ 8’ 14 ]3 6 2’ 9’ J8 2 11 4’ 1149 4 14 
17 1215/1'4 9 14]4' 72 8 |9’ 2 12'3 |14' 8’ 3’ 15’ 
XII 
7 12’ 15'/1 4 9’ 14/4 72’ 8 |9 2 12 3) J14 8 3 15 
Regulators and characteristics corresponding to the III’¢-type parallelohedra 


121115 
1611 4’ 
671315 


1 


The independent regulators are expressed by the formulae 


Royo 
BN © 


= 


10 
A3 


yr 
CH oO 


At = a11 +413 +14 + 34, A2 = Go2 + G23 +24 + 34, A3 = a31 + a32 + a33 + a3, 


Aa = G41 + a2 + G43 + Qaa, fr = Q12 — G34, 2 = —A13 — 12, 


M3 = —@14 — 212, Ha = —Q23 — 212, M5 = —Q24 — G12, le = 34. 
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The domain A” of quaternary quadratic forms which defines the third type of primitive parallelohedra in 
four dimensions is determined by 10 independent inequalities 


Oe Sh Aes SO: 
fi >= 0, po > 0, ws > 0, pa > 0, ps5 > 0, Wo > 0. 
Each quaternary quadratic form belonging to the domain A” can be written 


2, 2 2 2 2 
f (#1, 22,3, £4) = Aiay + A2%g + AZ%3 + Asay + iw 4 b2(v1 — £3) 


+ wg (a1 — 4)? + pa(a2 — @3)? + w5(a2 — 24)? + wo(a1 + 22 — 23 — 24)”, 


the form w being defined by the equality (4). The parallelohedra belonging to the III"? type are determined 
by 30 inequalities of the form (2) which are symbolically presented in the following table: 
III"? type of parallelohedra 


~ 
~ 


l 


3 
0 
0 
1 
0 
0 
1 
0 
1 
0 
1 
1 
0 
1 
1 
1 


~ 


RPoOorcOrRrcCCOoS. 


Be 
o 
o 
o 


2 
0 
1 
0 
0 
1 
0 
0 
1 
1 
0 
1 
1 
0 
1 
1 


WO OND OB o nw HS 


i 


1 
1 
0 
0 
0 
1 
1 
1 
0 
0 
0 
1 
1 
1 
0 
1 


BPRREREORHOROGOFROCS 


RPORrFPrFOOCORFFOCOO 
| | 
BPRORROREFOOHROOH 
| | 
BPRRORRFOROrHROCOFRSG 
| 


PRR O 


We have determined three domains A, A’, A” which characterise three types of primitive parallelohedra 
in four dimensions. ; f ; ; 
Theorem. The set (A) of domains of quaternary quadratic forms is composed of three different classes 


which can be represented by the domain A, A’, A”. 

In my first mémoire cited, it has been demonstrated that the set (R) of domains of quaternary quadratic 
forms corresponding to the perfect quaternary quadratic forms is composed of two classes represented by 
the principal domain R and by a domain R, determined by the equalities 


=, 2 | 2 | 2 | 2 | 2 i 
f(#1,02, 3,04) = piv, + pox. + p3x3 + pavg + ps(x1 — @3)°4 


pe(a1 — wa)” + pr(a1 — w3)” + pa(a2 — xa)? + po(a3 — 24)"4 


pio(t1 + 22 a3)° t pi1(%1 + 22 aa)” + pi2(t1 + %2 — £3 aa)” 


where fi, p2,..., 12 are positive arbitrary parameters or zeros. 
The domain R, corresponds to a perfect form 


ay. 2 | 2 i 2 i 2 i i i i i 
Yi =X 4+%24+%34+%44+ 4103 4+ 41X44 + L243 + LoL4 + L3L4. (5) 


In the mémoire cited, it has been demonstrated that all the faces in 9 dimensions of domain R, are 
equivalent to two faces characterised: one by the quadratic form 


cae £3, 03,04, (41 — a3)’, (a1 — wa)’, (to — @3)°, (a2 — ta)’, (a3 — ta)” 
and the other by the quadratic form 
@1, ©, 03,04, (a1 — 03)”, (@1 — #4)”, (#2 — #3)”, (2 — Ba)”, 
(v1 + £2 —-—2%3- ta)’. 


The first face verifies the equation 
ai2= 0 
and the second face verifies the equation 
a12 — a34 = 0 


The form w determined by the formula (4) characterise the axis of the domain (R) which does not change 
when one transforms the domain R into itself. 

One concludes that the domain R can be partitioned into groups all of which are equivalent to the two 
domains A’ and A” obtained. This results in that the principal domain A and the two domains A’ and A” 
can not be equivalent. 

The theorem introduced _is thus demonstrated. 

By not considering as different the equivalent types of parallelohedra one can say that there are only three 
different types of primitive parallelohedra in the space in four dimensions. 

By calling reduced the positive quadratic forms which belong to the domains A, A’ and A” one obtains a 
new method of reduction of quaternary positive quadratic forms which presents a modification of the method 
due to Mr. Charve. { 


ft See the introduction 
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In effect, following the method of Mr. Charve, one calls reduced the quaternary positive quadratic forms 
belonging to one of three simple domains R, R’ and R”. The first two domain R and R’ coincide with the 
domains A and A’ and it is only the third domain R” of Mr. Charve which differs from the domain A”. 
Any form belonging to the domain A” is equivalent to a form belonging to the domain R” and vice-versa. 


By examining the two tables which contain the characteristics of faces of simplexes which define the 2"4 
and the 3"¢ type of primitive parallelohedra, one will observe that these characteristic coincide for the two 
types and are represented by the linear forms 

£21, £02, $03, +04, +("1 — £3), +(21 — G4), +(€2 — &3), +("2 — wa), ("3 — Za), 
+(a1 + £2 - x3), +(a1 + £2 - £4), +(a1 + 22 —- ©3 —- La). 


It is remarkable that these linear forms define the set of representations of the minimum of the perfect 
form 1 determined by the equality (5). 


By virtue of that which has previously been mentioned, one can affirm that the coincidence noticed appears 
as the characteristics of faces of all the primitive parallelohedra in 2,3 and 4 dimensions. 


It would be interesting to find out whether this is only a coincidence or whether there really exists a 
relation between the two problems which seem to be different: between the problem of the uniform partition 
of the space with the help of congruent convex polyhedra and the study of perfect positive quadratic forms. 

End of the second mémoire 


[in German] 


Immediately after the first sheet of this significant work was set, we received the grievous tidings that 
your author of the science has been taken away by Death. The editor had in the best power seen to it that 
this last work of he who so early departed for the other side was checked over with utmost care. 


Marburg, 19%” June 1909 
K. Hensel 
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